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Abstract. We have studied guidance and deflection of a beam
of cesium atoms by a strong toroidal magnetic quadrupole
field. The beam guide is made from permanent magnets sus-
taining a radial field gradient of2.8 T/cm. Atoms with mod-
erate longitudinal velocities ranging from30 m/s to 70 m/s
were inserted across the10-mm-diameter aperture of a24.5◦
arc with radius300 mm. We have measured transmission and
beam divergence and find good agreement with ray-tracing
calculations and analytical estimates. The magnetic beam
guide allows for100% transmission of heavy atoms over
large angles.

PACS: 03.75Be; 32.80Pj; 07.55.w

The availability of slow and intense atomic beam sources pre-
pared by laser cooling techniques has given rise to the devel-
opment of many atom optical components for the precise ma-
nipulation of atomic trajectories [1]. Besides atomic mirrors,
lenses, beamsplitters, and diffraction gratings atomic wave-
guides have gained increasing interest during the past years.
Several different schemes have been proposed for transverse
confinement using the interaction of atoms with inhomoge-
neous magnetic [2–4], electric [5], or light fields [6]. Atomic
guides find a variety of applications. They are, for example,
used to transfer atoms from a preparation stage to the ex-
perimental region [7–10], in close analogy to the transport
of light by optical multimode fibers. Guiding atoms in spe-
cially tailored light fields (TEM∗0,n “doughnut” modes) and
applying additional cooling methods allows one to increase
the phase-space density of atomic beams [11]. A challenging
extension of these schemes, which would resemble the optical
single-mode fiber, is to cool atoms down to the lowest trans-
verse vibrational state in an atomic waveguide with very steep
transverse gradients to achieve one-dimensional systems of
atomic gases [12].

Most of the guiding experiments so far performed make
use of the optical dipole force in a near resonant inhomoge-
neous light field. Systems based on magnetic dipole forces
offer an interesting alternative, because they can be applied
to all atoms and molecules with nonzero magnetic moment.

Permanent magnetic materials with high remanence force
are readily available and can be used for the construction
of guiding devices with high magnetic gradients, high po-
tential energies at the boundaries, and large apertures. Once
built, these devices are very reliable, compact, and essentially
maintenance-free. It is straightforward to expand a toroidal
magnet system at relatively large radii of curvature to any
desired length of arc. Even a full360◦ superconducting
hexapole ring has been constructed as a storage device for
cold neutrons for the determination of the neutron mass [13].

The treatment of atomic motion in an inhomogeneous
magnetic field is very much simplified if the magnetic mo-
mentµ adiabatically follows the magnetic field lines. This is
the case for atoms with moderate velocities moving in slowly
varying magnetic fields and also applies to our situation. Then
paramagnetic atoms experience a force that can be expressed
by the spatially varying scalar amplitude of the magnetic flux
densityB asFmag=−µeff∇B, whereµeff= ∂E/∂B. For most
applications it is preferable or even essential to prepare the
atoms in a magnetic substate with a maximum component
of the magnetic moment antiparallel to the external magnetic
field (mJ =+J). These “low-field seekers” usually have an
effective magnetic moment of one or two Bohr magnetonsµB
which is independent of the local magnetic field strength.

Transverse confinement of paramagnetic atoms in low-
field seeking states is obtained by all multipole configurations
with an axial field minimum. We have chosen the quadrupole
configuration for our experiments, which is simple to con-
struct mechanically, at the same time yielding higher field
strengths at the aperture [14] and tighter confinement to the
axis than higher order multipole field configurations. The
force acting in the radial direction is independent of the dis-
tanceρ = (x2+ y2)1/2 from the axis and for a curved arrange-
ment the minimum radius of deflection hence is given by

R= mv2

β
, (1)

whereβ = µeff dB/dρ. We have collected the maximum vel-
ocity compatible with a radiusR= 300 mmat our field gradi-
ent of dB/dρ= 2.8 T/cm for the group I elements in Table 1.
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Table 1. The maximum guided velocity for the group-I elements (µeff =
µB) in a quadrupole magnetic beam guide withR= 300 mmand dB/dρ =
2.8 T/cm

Atom 1H 6Li 23Na 39K 85Rb 133Cs

vm [m/s] 683 278 142 109 74 59

1 Quadrupole magnetic guides

1.1 Plane magnetic guide

The concept for plane magnetic multipole construction from
hard permanent magnets has been expressed by Halbach [14].
For a segmented cylindrical quadrupole arrangement accord-
ing to Fig. 1a the amplitude of the field strength depends on
the transverse coordinateρ through

B(ρ, z)= 2ρBR

(
1

ρm
− 1

ρout

)
GN

2 SL(ρ, z)

= 2.74 T/cm×ρ [cm]×SL(ρ, z) , (2)

where BR is the remanence force of the material (NdFeB:
1.1 T), andρm = 5 mmandρout= 25 mm(Fig. 1a) designate
the inner and outer radii of the magnet assembly. The seg-
mentation into eight homogeneously magnetized pie-shaped
pieces is taken into account by a geometry factorG8

2= 0.78.
The functionSL(ρ, z) accounts for the fringe fields at the
entrance and the exit of the beam guide and is unity for an in-
finitely long structure. The prediction ofdB/dρ= 2.74 T/cm
at the center of our quadrupoles according to (2) is well con-
firmed by the measured value of2.8 T/cm. An experimen-
tally favorable property of the axial magnet construction is the
rapid decay of transverse external stray fields. At the longitu-
dinal exits the field strength decreases with a scaling length
on the order of the size of the aperture.

1.2 Curved magnetic beam guide potential: numerical
treatment

The mechanical construction of the atomic beam guide is dis-
played in Fig. 1. Eight homogeneously magnetized segments
are mounted into individual aluminum frames which have

23 mm

19 mm

2r out=50 mm

2r m=10 mm

a = 2,05°

R = 300 mm

Q = 24.5°

(a) (b)

Fig. 1a,b. Construction of a curved magnetic quadrupole beam guide.
a Each individual quadrupole is made from eight homogeneously magne-
tized pie-shaped segments (magnetization direction indicated byarrows).
The wedge shape is indicated by thedashed lines. b Six wedged quadrupole
elements are subsequently mounted together to form a24.5◦ arc

a wedge angle 2α = 4.1◦. Six identical quadrupole wedges
are then composed to make a24.5◦ arc.

The analytical expression (2) is valid only for an idealized
and plane, i.e., cylindrically straight quadrupole. For a more
detailed treatment of our curved configuration we have there-
fore employed a numerical description of the magnetic field
distribution which was subsequently used for numerical tra-
jectory calculations.

It is known that the contribution of a homogeneously mag-
netized volume element (magnetizationM) to the magnetic
potentialΦM can be calculated from its equivalent surface
charge contributionsσM = M ·n, wheren is the normal to the
surface [15]. We have thus divided each magnet surface into
small triangles (typical border length0.1 mm, areaS∆) with
a concentrated point chargeQM = σM S∆ at the center of grav-
ity of the triangle. The potential at a given point in spacer is
then approximately given by

ΦM(r)=
∫

Vol

d3x′
∇ ·M

4π|r− r′| =
∫

Sur

d2x′
σM

4π|r− r′|

'
∑

i

Qi
M

4π|r− ri | . (3)

The discrete character of the charge distribution is important
only in the immediate vicinity of the magnets on the scale
of their typical separation. The potential in the volume of in-
terest then is calculated on a grid withδx = 0.2 mm, δy=
0.2 mm, andδz= 1.0 mm. In the z direction we have cho-
sen a wider grid since the variation of the potential in this
direction is slow compared to that in thex, y directions. There
is no advantage in further improving the accuracy since it is
also limited at the same order of magnitude by variations of
material properties (for example, direction and amplitude of
the magnetization) as well as technical tolerances due to the
construction.

For a test of the numerical model we have measured the
magnetic field distribution of a single wedged quadrupole
element by means of a commercial Hall probe. The active
area of a fewmm2 causes spatial averaging and prevents ac-
curate measurements of the field minimum near the axis. The
agreement of measurement and numerical model is, however,
satisfactory at the1% level. In Fig. 2 the calculated field dis-
tribution is shown together with a result of the measurement.

To carry out trajectory simulations based on the numer-
ical model potential a continuously varying magnetic field
amplitude B(r) = −µ0∇ΦM(r) is made available through

Fig. 2. a Measured magnetic field amplitude of one wedged quadrupole
element (dark) in they= 0 plane in comparison with the result of the
numerical calculation.b Contour plot of the calculated magnetic field am-
plitude
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a 4th-order polynomial interpolating the potential grid. The
integration of the equation of motion then was performed
by a 4th order Runge–Kutta method which was tested against
the analytically known parabola solutions in an idealized
(SL ≡ 1) plane quadrupole potential of (2), yielding excel-
lent agreement. In addition, energy conservation is tested to
ensure the accuracy of the numerical calculations, especially
near the axis of the toroid where the magnetic field vanishes
and causes a singularity in the slope.

The simulations were carried out for an initial distribu-
tion of atoms at the beam guide entrance closely resembling
the experimentally determined situation in both spatial and
velocity coordinates. Several thousand trajectories were cal-
culated for various initial velocities. For each velocity they
were statistically analyzed with respect to transmission, ver-
tical and horizontal beam profiles, and divergence on exit.
Detailed results of this investigation are given along with ex-
perimental results.

1.3 Atomic motion in the beam guide

Atomic motion in a linear beam guide can be decomposed
into longitudinal motion along its axis and into transverse mo-
tion, which are coupled only during entry or exit of a beam
guide of finite length. In a circular toroid with bending ra-
diusR we can approximately use the same decomposition for
estimates, where rotation along the torus can be taken into
account by a suitable centrifugal potential. According to (1)
the special case of circular orbits with radii betweenR and
R+ρm can only be obtained for atoms within a small range of
velocities. For the sake of simplicity, however, we will define

vm =
√

R
β

m
(4)

as the maximum longitudinal velocity that can be deflected
(cf. Table 1). Let us consider the transverse motion of an
atom. Angular momentum with respect to the toroid axis is
approximately conserved. Hence we can express the total en-
ergyEtot approximately by (̇x= dx/dt)

Etot' m

2
(ẋ2+ ẏ2)+β

√
x2+ y2+ mv2

0

2

(
1− 2x

R

)
, (5)

wherev0 is the longitudinal velocity, and the term inx/R ac-
counts for an effective centrifugal potential due to rotation in
the toroid.

x

y

x

y
(a) (b)

Fig. 3a,b.Examples of transverse trajectories in a toroidal quadrupole beam
guide. Initial conditions att = 0 are indicated by arrow.a (v0/vm)

2 = 0.3,
ρi /ρm = 0.5, φi = 1.0 b (v0/vm)

2 = 0.8, ρi /ρm = 0.5, φi = 0.5

It is natural to express the equations of motion in cylindri-
cal coordinates (ρ, φ) with respect to the potential minimum
axis of the torus. WithβR=mv2

m andε= (v0/vm)
2 and sub-

tracting the rotational kinetic energyβRε/2 along the torus
we find instead of (5) the purely transverse condition

E⊥ = Etot−βRε/2= m

2

(
ρ̇2+ (ρφ̇)2)+βρ(1− εcosφ) .

(6)

It is not integrable by elementary methods but can easily be
used for numerical simulations to gain a better understand-
ing of the trajectories in the beam guide. As an illustration we
show two transverse trajectories in Fig. 3.

1.4 Stability conditions

In order to understand the general conditions for the confine-
ment of atoms within the beam guide potential let us first
estimate the influence of the fringe fields on atomic motion.
Since we are working with collimated beams with a diver-
gence of a few mrad only, a significant initial transverse vel-
ocity may only be imparted due to the fringe fields at the
entrance of the beam guide where longitudinal and transverse
motion are coupled. The fringe field inz direction extends
over a length on the order of the bore cross section 2ρm of the
beam guide. Therefore we can estimate the initial transverse
velocityv⊥ from an average fringe field accelerationβ/2m as

v⊥ ' β

2m

2ρm

v0
, (7)

which may safely be neglected for atomic velocities larger
than 20 m/s as well as the associated change in the radial
position. The initial transverse energy is hence well approx-
imated by

E⊥ = βρi (1− εcosφi ) , (8)

depending on the radial coordinates on entrance into the beam
guide only.

Atoms travelling at velocityv will be lost from the beam
guide if they approach the outer circumference of the toroid
at (ρm,0) with total transverse energy larger than the potential
energy at that point,

E⊥ ≥ Eleak= βρm(1− ε) . (9)

For initial coordinates (ρi , φi ) therefore an atom has to fulfill
the condition

βρi (1− εcosφi ) < βρm(1− ε) , (10)

which allows us to define a maximum initial radius accept-
able for stable confinement of an atom inserted into the beam
guide:

ρi = ρm
1− ε

1− εcosφi
. (11)

This condition is shown in Fig. 4 for comparison with the re-
sults of the numerical simulations. Atoms entering the beam
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Fig. 4a,b. Insertion area of the beam guide cross section providing stable
confinement for different parametersε= (v0/vm)

2. If an atomic beam is re-
stricted to this area,100% transmission is achieved.a Analytical estimate
for a 360◦ race track.b Numerical trajectory simulations for our24.5◦ arc.
The influence of the segmentation of the quadrupole (indicated byblack
lines) is clearly visible

guide with coordinates not fulfilling (11) may still be trans-
mitted through a guide of finite length. For long guides, how-
ever, condition (11) gives a good limit since these atoms will
eventually hit the magnets and get lost.

The transmissionT of an infinitely long beam guide, if il-
luminated homogeneously across the aperture, is then given
by the area enclosed by the ellipse of (11) normalized to the
full cross section of the beam guide (πρ2

m):

T =
√

1− ε2

(1+ ε)2 . (12)

This analytic approximation for the dependence of the trans-
mission onε and thus on the longitudinal velocity is shown
in Fig. 5 along with numerical calculations and experimental
results.

At very low initial velocities (ε� 1) the approximation is
no longer valid, since longitudinal and transverse degrees of
freedom get strongly coupled when an atom enters the fringe
field. In addition, a significant fraction of atoms is reflected,
although the beam guide potential minimum allows guidance
of atoms at arbitrarily low energies. The onset of this effect is
expected for longitudinal velocities on the order of the max-
imum allowed transverse velocity of about10 m/s. This is
confirmed by our numerical simulations.

Fig. 5. Transmission of the24.5◦ beam guide when illuminated homo-
geneously across the aperture.Squares: experimental results.Circles: nu-
merical evaluation of trajectory calculations. The analytical estimate for
infinitely long times is given by thesolid line

Fig. 6. Divergence angle of the atomic beam emerging from the beam guide.
Squares: experimental results.Circles: numerical evaluation of trajectory
calculations.Solid line: analytical estimate for infinitely long times

1.5 Divergence and acceptance angle

For efficient guiding it is necessary either to restrict the
atomic beam extension to the elliptically shaped regions
shown in Fig. 4, or to focus an atomic beam onto the entrance
of the beam guide, in close analogy to optical waveguides. It
is therefore important to understand the tolerable divergence
as a function of velocity. For an analytical estimate let us con-
sider the inverse problem and calculate the angular spread of
guided atoms when they leave the toroid. For this purpose
we assume that dynamic evolution of atomic trajectories has
already homogeneously populated phase space at the energy
shell corresponding to the initial transverse energyE⊥ of (8)
at the output. Integration across the insertion ellipse of (11)
yields

〈Eini
⊥ 〉 = βρm

2

3
(1− ε) . (13)

A measure for the average transverse velocity spreadv2
div =〈v2

x+ v2
y〉 may be obtained from the equipartition theorem

which in this case reads〈m(v2
x + v2

y)/2〉 = 2/3〈Eini
⊥ 〉.

The divergence angleΘdiv is then evaluated from
mv2

div = βRε(vdiv/v0)
2:

Θdiv ' vdiv

v0
= 2

3

√
2ρm

R

1− ε
ε

. (14)

This simple estimate is in good agreement with experimental
results and numerical simulations, as shown in Fig. 6.

2 Experimental setup

The general experimental setup is schematically shown in
Fig. 7. For our experiments we used a cesium atomic beam
which was slowed by the Zeeman technique [16]. All laser
light was derived from grating-tuned diode lasers [17] stabi-
lized onto cesium vapor cells by Doppler-free spectroscopy
techniques. The Zeeman slower is1.4 m long and sustains
a Doppler compensation field which decreases in a parabolic
shape towards the end of the slower and can be tuned to an
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Fig. 7. Atomic beam apparatus: a Zeeman-slowed cesium atomic beam first
is slightly deflected by an optical molasses section and afterwards inserted
into a 24.5◦ arc of a quadrupole magnetic beam guide

initial maximum value of22 mT. Furthermore, a homoge-
neous bias field ofBbias= 22 mT is applied in order to sup-
press depopulation pumping due to imperfect laser polariza-
tion. The final velocity is selected by adjusting the frequency
of the slowing laser. The laser isσ+ polarized, so the atoms
leave the Zeeman slower in the (F = 4,mF = 4) state. For the
experiments described here we have determined a longitudi-
nal velocity width (FWHM) varying from15 m/s to 30 m/s
for average velocities from100 m/s to 25 m/s by Doppler-
sensitive measurement of the atomic beam fluorescence spec-
trum excited by a laser crossing the atomic beam at an angle
of 23◦. The velocity distribution is substantially larger than
the expected Doppler width of order1 m/s but sufficiently
narrow for the experiments described here. We attribute this
deviation to the cutoff condition which was not steep enough
to cause a sufficiently rapid cutoff of the slowing process. An
improved experimental setup has in the meantime resulted in
a velocity width approaching the theoretically expected value.
Details of this Zeeman slower for cesium atoms will be pub-
lished elsewhere.

Before atoms were inserted into the beam guide a slightly
tilted transverse optical molasses section was used to deflect
the slow atomic beam by3◦ from the axis. A Gaussian-shaped
laser beam with a cross section of3×1 cm and a total laser
power of 13 mW is circularly polarized and back-reflected
by a mirror. A small magnetic field applied parallel to the
laser beam ensures that the atoms leave the molasses light
field predominantly in the low-field seeking magnetic state
(F = 4,mF = 4) required for proper magnetic guiding. The
residual transverse velocity spread is about0.5 m/s. After
400 mmof free flight the beam guide could be mounted onto
the axis of the deflected atomic beam without obstructing the
path for the cooling laser light. The atomic beam at this point
had a Gaussian beam profile with a diameter of2.5 cm and
fully covered the aperture of the magnetic beam guide.

3 Experimental results

Important properties of a beam guidance device are the trans-
mission and the acceptance or divergence angle. The trans-
mission was determined by monitoring the resonance fluores-
cence at the exit with a photo multiplier tube and comparing
it to the fluorescence signal of atoms entering the beam guide,
which was measured with a CCD camera. Beam profiles and
divergence angle of the transmitted atomic beam were meas-
ured from spatially resolved CCD pictures of the fluorescence
distribution.

3.1 Transmission measurement

For a measurement of the incident flux the atomic beam was
illuminated by a Gaussian laser beam of width 2w = 1 cm
and located approximately2 cm in front of the entrance to
the magnetic guide. The influence of the magnetic fringe field
on the fluorescence distribution is taken into account by an
average detuning between laser and atom which grows lin-
early with radial separation from the magnetic guide axis (the
quadrupole field maintains a linear growth of the magnetic
field amplitude in the fringe field, too). Taking into account
the spatial distribution of the laser light field and the satura-
tion of atomic transitions, good agreement of the CCD cam-
era fluorescence profiles with the expected spatial distribution
from a Gaussian-shaped atomic beam is found. In the end,
the flux of atoms entering the beam guide aperture is deter-
mined from the fluorescence intensity except for a calibration
factor that only depends on the overall efficiency of the CCD
camera. It decreases with decreasing velocity since the flux
of slow atoms extracted from the Zeeman slower is reduced,
the beam divergence increases, and because beam attenuation
due to collisions with the background gas becomes increas-
ingly important. Note that the estimated loss rate at a base
pressure ofp= 10−5 Pa is Rloss' 60 s−1, corresponding to
a mean free path of less than1 m for atoms withv= 50 m/s.
We would like to mention that this pressure is not limited by
the permanent magnets. The outgassing rate of the material
is comparable with unbaked aluminum or stainless steel, they
are bakeable up to100◦C, and we have achieved a base pres-
sure in the10−7 Parange in a different setup.

On the exit side we have determined the flux at a dis-
tance of5 cm from the magnetic guide where fringe fields
are negligible. In this case a photomultiplier tube was used
to record the fluorescence intensity by scanning a probe laser
across the atomic resonance. Taking into account the meas-
ured laser beam properties and the vertical atomic beam pro-
files obtained from the numerical simulations the variation
of the relative transmitted flux with atomic beam velocity is
determined. An absolute calibration of the transmission was
performed by simultaneously recording the fluorescence of
atoms at the exit with the photomultiplier tube and the CCD
camera for one velocity class.

The experimental results (Fig. 5) are in reasonable agree-
ment with our simulation for velocities between 40 and
65 m/s. It is not surprising that both the simulation and the
experiment show larger transmission than expected accord-
ing to (12) which was derived for arbitrarily long guidance
times. Below40 m/s a rapid reduction of the transmission is
observed which is not yet fully understood.

Whether an atom is transmitted or not crucially depends
on the initial position at the entrance. Therefore,100% trans-
mission can be achieved if the incident beam enters within
the insertion regions shown in Fig. 4 as a function of velocity.
This may be accomplished, for instance, by slightly focusing
the atomic beam onto the entrance with a magnetic lens [18].

3.2 Beam profiles

We have determined beam profiles of the emanating atomic
beam at a distance of3.5 cm from the guide. In order to sup-
press the influence of the magnetic fringe fields on the meas-
urement the detection laser beam frequency was periodically



222

-1.0 -0.5 0.0 0.5 1.0

0.0

0.5

1.0 30 m/s 45 m/s 60 m/s

-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

x [mm] x [mm] x [mm]

0.0

0.5

1.0

0.0

0.5

1.0(a) (b) (c)

fl
u
o
re

sc
en

ce
 [

a.
u
.]

Fig. 8a–c.Normalized atomic beam fluorescence profiles in the horizontal
plane 3.5 cm behind the exit of the beam guide as measured with the
CCD camera. Negative (positive) x-values correspond to a deflection of less
(more) than24.5◦. a–c: Profiles for velocitiesv= 30, 45, 60 m/s. Shaded
areas: experimental results.Squares: results of trajectory simulations

swept across the spectral line during illumination. For vari-
ous velocities CCD images of the horizontal (i.e., in the plane
of deflection) distribution of the fluorescence intensity were
recorded and analyzed. Results are given in Fig. 8 and show
good agreement with the numerical trajectory calculations.

3.3 Divergence measurement

The divergence of the deflected atomic beam was determined
by recording the atomic beam fluorescence in the plane of de-
flection with a CCD camera at two distances of 3.5 and5 cm,
respectively, from the exit of the magnetic guide. The laser
frequency was again periodically modulated across the spec-
tral distribution of atomic resonance frequencies. One finds
a good agreement of simulation, experimental data, and the
crude estimate of (14) as shown in Fig. 6.

The measured divergence on one hand indicates a large
acceptance angle at the entrance of the beam guide which pro-
vides efficient loading. On the other hand, it leads to a rapid
reduction of atomic flux density behind the exit. This can
be overcome by applying a two-dimensional magneto-optical
compression section within the fringe field of the magnetic
beam guide.

4 Conclusion

We have demonstrated that a magnetic guide made from
strong permanent magnets can efficiently deflect even heavy
atoms over large angles and at moderate velocities, in our case
from 30 m/s to 60 m/s, the maximum tolerable velocity. The

overall good agreement of trajectory simulations and experi-
mental results lends confidence to the engineering of perma-
nent magnetic guidance systems for atomic beams.

Assuming a small longitudinal magnetic field of10−4 T
to prevent on-axis spin-flips the mode spacing of the lowest
vibrational modes is estimated to be 2π×30 kHzcorrespond-
ing to a temperature of1.3µK. Thus it seems feasible to
achieve effectively one-dimensional atomic systems in simi-
lar geometries.
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