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1

Introduction
In our group, we perform Cavity Quantum Electrodynamics (CQED) experiments with single, neutral
87
Rb atoms, trapped at the centre of a Fiber-based Fabry Pérot cavity with sub-wavelength precision
[1], with the current focus on the aspects of storage of short light-pulses in such platforms [1–3]. The
atom is confined in 𝑥, 𝑦 plane using a pair of counter-propagating, red-detuned dipole trap beams and
the vertical confinement in the 𝑧-axis is provided by an intra-cavity blue detuned optical lattice (lock
laser) at 770 nm. The experiment demands extraordinary level of control over the internal and the
external degrees of freedom of the trapped atom. In order to prepare these trapped atoms with high
probability in their motional ground state, we use carrier-free Raman sideband cooling [4, 5] together
with dipole-trap-assisted degenerate Raman sideband cooling (dRSC) as a pre-cooling mechanism [6, 7].
The efficiency of the cooling schemes is quantified by the trapping lifetime of the atom inside the cavity
amidst all the heating mechanisms [8, 9]. Longer lifetime increases the rate of recycling of the same atom
inside the cavity for multiple measurement attempts. In the past, we could recycle an atom for 10000
photon storage attempts. Another important aspect of single atom experiments is to achieve a high duty
cycle of the experiment to attain reasonable statistical error on the experimental data, accomplished by
stable laser systems and robust locking schemes.
In the past, we already had a working Raman sideband cooling setup using an interference filter (IF)
laser [10] phase locked to the lock laser at ∼6.8 GHz. The IF laser used a 780 nm laser diode, tuned to the
edge of its gain profile to emit at 770 nm. This laser was not stable, as it would become multi-mode every
three hours and fall out of lock. This limited strongly the duty cycle of the experiment. During the first
part of the project, I investigated the possibility of a widely tunable DBR laser as a replacement of the
IF laser. For Raman sideband cooling this required phase locking the DBR laser at 6.8 GHz frequency
difference to the lock laser. With 89 % power in the carrier and locking bandwidth of >2 MHz the phase
lock was implemented. Unfortunately, we observed no Raman cooling with the new lock. The failure of
the Raman cooling was attributed to the 736.8 kHz Lorentzian linewidth of the DBR laser. This linewidth
component arises from random phase fluctuations of the laser (pure white frequency noise) [11, 12]. The
corresponding single-sided frequency noise power spectral density (PSD) 𝑆 𝜈 ( 𝑓 ) for this noise is flat in
frequency, hence uncompensated by the phase lock at higher frequencies and limiting the coherence of
an optical phase lock. However, one can reduce the intrinsic linewidth of the laser by means of optical
feedback [13–17].
In this thesis, I present how the Lorentzian linewidth of the DBR laser was reduced by implementing
an external optical feedback path [18]. Chapter 2 deals with the theoretical framework of effects of the
external optical feedback on semiconductor laser and regimes of feedback in distributed feedback lasers
[19]. To measure and quantify the linewidth of the DBR laser subject to controlled optical feedback, a
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delayed-self heterodyne [20] measurement was setup and is described in Chapter 3. DBR lasers are
affected not only by white frequency noise but also low-frequency flicker and random walk noise [21–23].
These noise components restrict the analysis of the DSH spectrum analytically, hence a simulation based
fitting routine based on [24] is used. A comprehensive analysis of the Lorentzian linewidth is presented.
An estimate on the linewidth arising from the flicker and random-walk frequency noise is also presented
in this thesis. With this improvement to the DBR laser, I present in Chapter 4, the implementation of
carrier-free Raman sideband cooling [2, 4] in the main experiment.
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2

Laser Linewidth Reduction via Optical Feedback
Distributed Bragg reflector (DBR) laser diodes provide wavelength dependent losses inside the laser
cavity [25] which makes them superior to the conventional Fabry Pérot laser diodes. However, due to
the small resonator length the Schawlow–Townes–Henry (STH) linewidth [11, 12] of these laser is of
the order of a few MHz [26]. This linewidth component arises from random phase fluctuations (white
frequency noise) of the laser induced by spontaneous emissions [12]. The corresponding single-sided
frequency noise power spectral density (PSD) 𝑆 𝜈 ( 𝑓 ) for this noise is flat in frequency, limiting the
coherence of an optical phase lock. However, one can reduce the intrinsic linewidth of the laser by means
of optical feedback [13–17].
The operation characteristics of a bare laser are strongly affected when a portion of the laser’s emitted
light is coupled back into the laser cavity after being reflected from an external surface like a mirror or
a grating. In most of the cases, these reflections are undesirable and often Faraday isolators are used
to block any unwanted reflections. However, controlled optical feedback can be used to enhance the
longitudinal mode selection, which yields a narrowed emission spectrum width [16, 27]. The effect of an
external feedback on the laser depends strongly on the feedback power, length of the external feedback
path, and the phase of the feedback light. Tkach and Chraplyvy categorised the behaviour of distributed
feedback lasers under optical feedback in five regimes. These regions were mapped as a function of the
feedback power ratio p (ratio of the feedback power to emitted power) and length of the external feedback
path d [19].
In this chapter, I briefly discuss the working principle of a DBR laser. Then, I present a theoretical
description of optical feedback which modifies the rate equations of a bare laser, and subsequently the
effect it has on frequency, gain and the linewidth of the bare laser. Followed by a short overview of
the paper by Tkach and Chraplyvy, in which they experimentally verified the different effects of optical
feedback on a distributed feedback laser (DFB) at wavelength of 1.5 µm. Finally, I describe the optical
feedback configuration used to reduce the linewidth of our 770 nm DBR laser.

2.1 DBR Laser
Unlike most of the lasers where the gain medium is placed between a pair of reflecting surfaces providing
the optical feedback, a DBR laser uses a Bragg-type diffraction grating to deflect an optical beam [28].
This Bragg-type diffraction grating is arranged outside the active region at the ends of the laser cavity
(Fig. 2.1) and act then as a wavelength selective reflector. The corrugation of alternating refractive index
provides 180𝑜 reflection at certain specific wavelengths, depending on the grating spacing 𝜆𝑙 . DBR lasers
are single-frequency lasers with diffraction-limited output and have frequency tunability of several GHz
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Figure 2.1: Schematic of longitudinal sections in a DBR diode. The periodic index perturbation is induced by
different refractive indices 𝑛1 and 𝑛𝑜 on opposite sides of the grating. The period of the grating structure is marked
by 𝜆𝑙 [28].

without mode-jumps.
2.1.1 Wavelength Tunability

d
d

d.sin

Figure 2.2: Bragg reflection from a periodic structure [29].

The selection of wavelength inside the laser cavity is provided by the Bragg-type grating. As the
name suggests, it is based on the principle of Bragg reflection in an atomic crystal. Fig. 2.2 illustrates
the reflection of an incident plane wave by a series of reflectors spaced at a distance 𝑑. In contrast to
the original case of x-ray diffraction where these reflectors are atomic planes of a crystalline lattice,
the reflections inside the laser cavity arise from the corrugated grating. As can be seen in Fig. 2.2, for
constructive interference, the path lengths for reflections from successive reflectors must be an integer
multiple of the wavelengths [29], given by
2𝑑 sin 𝜃 = 𝑛𝜆,

𝑛 = 1, 2, ...

(2.1)

where 𝜃 is the angle formed by the incident ray and the reflector and 𝜆 is the optical wavelength in
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the medium. In the case of 180◦ reflection by a grating (inside the DBR laser), it is sufficient to have d
equal the grating spacing 𝜆𝑙 = 𝜆 𝑜 /𝑛𝑔 , where 𝑛𝑔 is the effective refractive index in the waveguide for the
mode under consideration which depends on refractive index 𝑛1 and 𝑛𝑜 . Under these conditions Eq. 2.1
becomes
!
𝜆𝑜
2𝜆𝑙 = 𝑛
,
𝑛 = 1, 2, ...
(2.2)
𝑛𝑔
Rearranging the above equation gives us the vacuum wavelength of the light that will be emitted by
such a grating
𝑛𝑔
𝜆 𝑜 = 2𝜆𝑙

,
𝑛 = 1, 2, ...
(2.3)
𝑛
From this equation one can see that the grating can support various longitudinal modes depending on
the value of ’n’ but only one mode will lie within the gain bandwidth of the laser.
The wavelength of the DBR laser can be tuned by changing the effective refractive index 𝑛𝑔 . This can
be achieved by either altering the temperature of the laser or by changing the injection current in gain
section. The change of the refractive index with temperature is the dominant tuning mechanism whereas
changes in carrier density due to change in current have a smaller effects on the lasing wavelength.

2.2 Theory of Optical Feedback : Modified Rate Equations
To understand the effect of optical feedback on the laser performance, we need to modify the rate equations
of a bare laser. Consider a three-mirror configuration (Fig. 2.3) wherein an external mirror is placed at a
distance d from the laser facet. The external mirror and the laser facet form an external cavity which along
with the already existing diode cavity makes it a coupled cavity problem. However, multiple reflections in
the external cavity can be neglected if the external mirror’s reflection coefficient 𝑟 ext  1 and one can
focus on the laser cavity only. The full treatment for 𝑟 ext 6 1 can be found in [30]. In the plane wave and
the slowly varying envelope approximations, the use of the cavity field
𝐸 c (𝑧, 𝑡) = Re[𝐸(𝑡)exp(−𝑖𝜔o 𝑡)] sin(𝑘 𝑧)

(2.4)

in the wave equation leads to [14]
¤ = 𝑖(𝜔o − 𝜔th )𝐸(𝑡) + 1 (𝐺 − 𝛾)(1 − 𝑖𝛽c )𝐸(𝑡) + 𝜅𝐸(𝑡 − 𝜏)exp(𝑖𝜙o )
𝐸(𝑡)
(2.5)
2
where 𝜔th is the mode frequency of the solitary laser and 𝜔o is the mode frequency in the presence of the
feedback. Further, 𝐺 is the net rate of stimulated emission and 𝛾 the cavity-decay rate which accounts for
both the facet loss as well as the internal loss. The parameter 𝛽c which depends on the carrier-induced
refractive change is commonly referred to as the linewidth enhancement factor [12].
The last term in Eq. 2.5 is the consequence of the external optical feedback. The parameters 𝜅 and
𝜙o (= 𝜔o 𝜏, where 𝜏 is the external-cavity round-trip time) represent the feedback-coupling rate and
the external-cavity phase shift, respectively. During each round trip in the external cavity, the field
immediately after reflection inside the laser facing the external cavity is
𝐸 0(𝑡) = (𝑟 c )𝐸(𝑡) + (1 − 𝑟 c2 )(𝑟 ext )𝐸(𝑡 − 𝜏)exp(𝑖𝜔o 𝜏)

(2.6)

where 𝑟 c is the reflection coefficient of the diode’s facet. Eq. 2.6 shows that during each round trip inside
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Figure 2.3: The laser cavity along with the external mirror placed at distance d from the laser’s facet. E(t) is the
laser cavity field whereas E0(t) is the modified laser cavity field immediately after one reflection from the external
mirror. 𝑟 c and 𝑟 ext are the reflection coefficient of the laser facet and the external mirror, respectively. 𝜏c and 𝜏 are
the round-trip time inside the cavity and in the external feedback path, respectively.

the laser-cavity, a small fraction (1 − 𝑟 c2 )(𝑟 ext )/(𝑟 c ) of intra-cavity field re-enters the laser-cavity after
some delay and with an additional phase. Let the laser-cavity round-trip time be 𝜏c , then the coefficient 𝜅
can be expressed as

√
Using 𝐸 =

(1 − 𝑟 c2 )𝑟 ext
𝜅=
𝑟 c 𝜏c

(2.7)

𝐼𝑒 −𝑖 𝜙 in Eq. 2.5, we obtain the two coupled rate equations
¤ = (𝐺 − 𝛾)𝐼(𝑡) + 𝑅sp + 2𝜅[𝐼(𝑡)𝐼(𝑡 − 𝜏)]1/2 cos[𝜙(𝑡) − 𝜙(𝑡 − 𝜏) + 𝜙o ]
𝐼(𝑡)
¤ =
𝜙(𝑡)

𝛽c
𝐼(𝑡 − 𝜏) 1/2
(𝐺 − 𝛾) − (𝜔𝑜 − 𝜔th ) − 𝜅[
] sin[𝜙(𝑡) − 𝜙(𝑡 − 𝜏) + 𝜙o ]
2
𝐼(𝑡)

(2.8)
(2.9)

where in Eq. 2.8, 𝑅sp represents the rate at which spontaneously emitted photons are added to the
intra-cavity photon population [31]. The effect of external feedback is included via 𝜅 and in the case
𝜅 = 0, Eq. 2.8 and Eq. 2.9 reduce to the single-mode rate equations of a solitary laser.
2.2.1 Steady-State Behaviour

The rate equations obtained in Eq. 2.8 and Eq. 2.9 can be solved for steady-state behaviour after assuming
𝐼¤ = 0, 𝜙¤ = 0. For simplicity we can neglect 𝑅sp , which mostly modifies the threshold sharpness [31]. In
the absence of reflection feedback (𝜅 = 0), the solution is
𝐺(𝜅 = 0) = 𝛾

𝜔o (𝜅 = 0) = 𝜔th

(2.10)

Let Δ𝐺 and Δ𝜔 be the change in gain and frequency introduced by external optical feedback,
respectively. The solution for Δ𝐺 and Δ𝜔 in steady state can be expressed as

Δ𝐺 = −2𝜅 cos 𝜔o 𝜏


Δ𝜔 = 𝜔o − 𝜔th = 𝜅[sin 𝜔o 𝜏 + 𝛽c cos 𝜔o 𝜏 ]

(2.11)
(2.12)

For given values of 𝜅 (strength of the feedback) and 𝜏 (external-cavity round-trip time), Eq. 2.11 and
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Eq. 2.12 describe the steady-state characteristics of a solitary laser under optical feedback. Solution to
these equations can be obtained by numerically solving Eq. 2.12. The values obtained for frequency
change Δ𝜔 can then be used to obtain the gain change Δ𝐺.
2.2.2 Laser Linewidth

Before describing the numerical solution for the steady state gain and oscillation frequency due to feedback,
let us discuss how optical feedback changes the Lorentzian linewidth of the laser. The Lorentzian linewidth
of the laser arises from random phase fluctuations induced by spontaneous emissions [11, 12]. Depending
on the relative phase of the externally reflected light, the linewidth of a single longitudinal mode, is
narrowed or broadened considerably [15]. The problem can be analyzed theoretically using Eq. 2.8 and
Eq. 2.9 after supplementing them with appropriate Langevin noise sources [32]. If the external delay
time 𝜏 is less than the coherence time of the laser field, the effect of the optical feedback on the linewidth
of the bare laser can be expressed as [15]
Δ𝑓 ≈ h

Δ 𝑓𝑜


−1

(2.13)

i2

1 + 𝐶 cos 𝜔o 𝜏 + tan (𝛽c )
where Δ 𝑓𝑜 is the bare-laser linewidth given by Schawlow-Townes-Henry formula [33] and 𝐶 = 𝜅𝜏(1+𝛽c2 )1/2
is the feedback parameter. The equation above suggests that for 𝜔o 𝜏 + tan−1 (𝛽c ) = 2𝑚𝜋, the linewidth of
the laser can be reduced by a factor (1 + C)2 .
2.2.3 Numerical Solution to Modified Rate Equations

To understand how optical feedback alters the frequency, gain and the Lorentzian linewidth of a bare
laser, Eq. 2.12 is numerically solved for two cases, when the feedback parameter 𝐶 < 1 (low feedback)
and when 𝐶 > 1 (high feedback). Typically, semiconductor lasers have 𝛽c ∼
 6 [19]. The numerical
solution obtained for change in frequency Δ𝜔, gain Δ𝐺 and linewidth log
of feedback phase 𝜔th 𝜏 in Fig. 2.4.

Δ𝑓
Δ 𝑓𝑜

are plotted as a function

Low Feedback 𝑪 < 1

As the feedback phase 𝜔th 𝜏 is changed from zero to 2𝜋, in case of low feedback (𝐶 < 1), for each
feedback phase, there is only one solution for frequency implying that the laser oscillates only in one mode.
The gain follows a similar behaviour. The linewidth of the laser can either be narrowed or broadened
depending on the feedback phase. This range of optical feedback is not useful because the linewidth
narrowing depends on the feedback phase which is very hard to control in an experiment.
High Feedback 𝑪 > 1

For higher feedback (𝐶 > 1), there are multiple steady state solutions for some feedback phase and the
laser could jump from one mode to the other. For example, at feedback phase 𝜋/2, the laser frequency
could either increase (B), stay almost the same (C) or decrease (A) as marked in Fig. 2.4. The frequency
difference between these modes is approximately given by 𝜏 −1 . These multiple solutions are called
external-cavity modes (XCM), which appear in the vicinity of the laser-cavity mode (LCM), the dominant
longitudinal mode of the solitary laser. The amplitude and number of XCM depend upon the distance
to the external reflector 𝑑 and the feedback strength. For feedback phase 𝜋/2, gain difference between
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Figure 2.4: Numerical solution to frequency, gain and linewidth change under low (𝐶 < 1) and high (𝐶 > 1) optical
feedback. At low optical feedback, there is only one solution to frequency and gain, and the laser line is either
narrowed or broadened, depending on the phase. For high optical feedback, there are multiple solutions which
leads to various effects observed at the higher feedback levels.
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different oscillation frequency is significantly higher. The laser preferentially oscillates in the mode with
highest gain. The linewidth of the laser in the vicinity of the mode hops can vary significantly by a small
change in the feedback phase 𝜔th 𝜏 in contrast to the low feedback regime.
This complicated operational behaviour of the laser under high optical feedback was experimentally
verified and summarised by Tkach and Chraplyvy [19] for a DFB laser at 1.5 µm. In the next section I
briefly discuss their findings.

2.3 Regimes of Linewidth Reduction in Distributed Feedback Laser
As shown in [19], the effect of optical feedback can be classified in five regimes (Fig. 2.5):

0

rext<
<1

Feedback Power Ratio (dB)

-10
-20

"Coherence collapse"

-30
-40

C > 1, Single-mode

-50
-60
-70
-80
-90

C > 1, Multi-mode
C<1

10

20

40

80 160 320

Distance to Reflector (cm)

Figure 2.5: Regimes of Optical Feedback Effects in DFB/DBR Laser [19].

Regime 1: This region corresponds to low optical feedback (𝐶 < 1) where broadening or narrowing
of the laser linewidth depends on the distance to the reflector or the phase of the feedback signal.
Regime 2: This region corresponds to 𝐶 > 1 solution where changes in the phase of the feedback
leads to mode hopping of the laser between the external-cavity modes (XCM). These solutions are marked
by A and B in Fig. 2.4. These modes do not exist simultaneously, the laser hops back and forth between
them at a rate which depends on the feedback strength. The linewidth of the laser is broadened for the out
of phase feedback and narrowed otherwise.
Regime 3: As the feedback, and the mode spacing is increased (see Eq. 2.12), the dwell time at each
mode increases and by increasing the feedback power further the hoping ceases altogether. This stability
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Figure 2.6: Highlighted in yellow is the 2 m long external optical feedback path which couples emitted laser light
back into the diode. Four percent of the emitted light reflected at BS is coupled into a PM fiber. From the fiber
output, the laser light traverses through polarization optics, is reflected back from a piezo mounted mirror and
is finally coupled back to the same fiber and fed back into the diode. The polarisation optics consists of quarter
waveplate, PBS and a polariser which regulates the power of the optical feedback. The design of the experimental
setup is based on [18].

can be explained by the high gain difference between the XCMs as shown in Fig. 2.4 for the numerical
simulation of change in gain Δ𝐺. The laser oscillates in the mode marked by ’B’ in Fig. 2.4 because
the gain for the corresponding mode is large as compared to other oscillation frequencies. Transition
to this regime is relatively independent of the distance to the reflector (𝑑) since the change in gain Δ𝐺
introduced by optical feedback (Eq. 2.11) does not depend on the 𝑑. The laser linewidth in this regime is
reduced, independent of the feedback phase Fig. 2.4. This useful operational behavior is limited to a
narrow region (≈−39 dB to −45 dB) of feedback power ratio.
Regime 4: Above 6 dB, relaxation oscillation sidebands appear on the emission line and on increasing
the feedback further these sidebands grow and broaden leading to "coherence collapse" [34]. The
linewidth of the laser is broadened upto 100 GHz.
Regime 5: In this high feedback regime, the laser cavity is a short active section and the external
feedback path becomes the dominant cavity. With a wavelength selective element in the feedback path,
the laser operates on a single longitudinal mode with a narrow linewidth for all feedback phases.
The narrow feedback range of Regime 3 could be used for achieving stable, narrow-linewidth operation
of a DBR laser. In the next section, I discuss how we setup such an external optical feedback path for our
770 nm DBR laser.
2.3.1 Experimental Setup

To reduce the linewidth of the 770 nm DBR laser, an external optical feedback path [18] is set up (Fig. 2.6)
(highlighted in yellow). Four percent of the emitted light reflected at the 90:10 beam splitter (BS) is
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coupled into a 1 m long polarisation maintaining (PM) fiber. The polarisation of the input light is linear
and oriented along one of the axes of the PM fiber using a set of polariser and half wave plate. From the
fiber output, the laser light traverses through polarization optics and is focused on a mirror mounted on a
piezo using a lens in cat’s eye configuration. The light reflected at the mirror is then coupled back into the
fiber and fed into the laser diode.
The polarisation optics which consists of a quarter wave plate, a polarising beam splitter (PBS) and a
polariser are used to adjust the feedback ratio p. The photodiode placed left of the 90:10 BS is used to
monitor the feedback power. At a fixed external feedback path length of 2 m, the feedback power ratio p
is varied from −50 dB to −30 dB. The effect of the optical feedback on the linewidth of bare DBR laser is
characterized using a delayed self-heterodyne (DSH) setup described in the next chapter.
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3

Linewidth Measurement
The coherence of the optical phase lock used for driving the Raman transitions depends strongly on the
Lorentzian linewidth of the laser resulting from the white frequency noise. With the intent to decrease
this contribution, an external optical feedback path was set up. The spectral properties of any laser
are quantified either by their optical line shape and associated linewidth or in terms of power spectral
density (PSD) of their frequency noise 𝑆 𝜈 ( 𝑓 ). Various measurement techniques can be used for evaluating
the phase noise of a laser. For example, a direct heterodyne measurement between the laser under
test and a reference laser which has negligible or similar phase noise as the test laser [35, 36]. Or a
frequency-to-intensity conversion through a frequency discriminator, such as an atomic absorption line or
reference cavity [35–37]. Since neither another laser source at 770 nm nor a narrow linewidth reference
cavity (linewidth < 20 kHz) were available, an alternative heterodyne measurement technique was set up,
where the reference laser is replaced by a time delayed and frequency shifted part of the laser under test.
This delayed self-heterodyne (DSH) [20] method was used to characterise the spectral properties of the
DBR laser subject to controlled optical feedback. This chapter describes the general experimental DSH
setup, the offset lock and the analysis of the recorded spectra.
It is known that DBR lasers are not only affected by white frequency but also by the flicker (1/ 𝑓 ) and
random-walk (1/ 𝑓 2 ) frequency noise at low frequencies [21–23]. An analytical expression describing the
correlated DSH signal that includes these high order frequency noise is hard to derive, therefore, the
obtained spectra were fitted with numerically simulated spectrum based on [24]. A detailed analysis
of all the noise components and their respective linewidth of the set up DBR laser system using the
simulation-based fitting routine is presented in this chapter.

3.1 Delayed Self Heterodyne Measurement
DSH is based on recording a beat response of the laser with itself after one part of the laser is delayed by
𝜏o and the other frequency-shifted by 𝛿 𝑓 using an acoustic-optic modulator (AOM). The two beams are
then recombined on a photodiode. The spectrum of the beat signal as analysed with a electrical spectrum
analyser (ESA) can be used to extract linewidth of the laser. The intensity 𝐼(𝑡) detected on the photodiode
(PD) along with the phase noise 𝜙(𝑡) can be written as [38, 39]


𝐼(𝑡) = 𝐼o cos 2𝜋𝛿 𝑓 𝑡 + 2𝜋( 𝑓s + 𝛿 𝑓 )𝜏o + 𝜙(𝑡 + 𝜏o ) − 𝜙(𝑡)
(3.1)
where 𝐼o is the amplitude of the photocurrent and 𝑓s is the laser frequency. The power spectral density
(PSD) of the DSH signal is then defined as the Fourier transformation of the Autocorrelation function (ACF)
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Figure 3.1: Numerically simulated DSH spectrum for different ratio of delay times 𝜏o and coherence time of the
laser 𝜏c . Note: For better visualisation, the y-axis is scaled for each curve. Only the lineshape matters.

of the photocurrent. The ACF in case of white frequency noise can be expressed as [39]
(
 𝑒𝑥 𝑝(−2𝜋 2 𝑘 |𝜏|),
𝑤
𝐹(𝜏) = cos 2𝜋𝛿 𝑓 𝜏
2
𝑒𝑥 𝑝(−2𝜋 𝑘 𝑤 𝜏𝑜 ),


𝜏 < 𝜏𝑜
𝜏 > 𝜏𝑜

(3.2)

where 𝑘 w = 𝛿𝑣/𝜋 is the single-sided white noise coefficient in Hz2 /Hz with 𝛿𝑣 being the intrinsic
linewidth. The PSD of the DSH signal is then derived by Fourier transformation of Eq. 3.2 [39]:

𝑆I (Δ 𝑓 , 𝜏o ) =


exp(−2𝜋 2 𝑘 w 𝜏o )
𝑘
𝛿(Δ 𝑓 ) + 2 2 w
{1 − exp(−2𝜋 2 𝑘 w 𝜏o )[cos 2𝜋Δ 𝑓 𝜏o
2
2𝜋
𝜋 𝑘w + Δ 𝑓

𝜋𝑘
+ w sin 2𝜋Δ 𝑓 𝜏o ]} (3.3)
Δ𝑓

Here, Δ 𝑓 = 𝑓 − 𝛿 𝑓 is the relative frequency referred to the central frequency 𝛿 𝑓 of the beat signal. The
equation above indicates that as the delay time 𝜏o is increased, the power in the spectrum shifts to the
modified Lorentzian from the delta function peak until the power spectrum becomes a pure Lorentzian
function. The pure Lorentzian function (red curve in Fig. 3.1) corresponds to delay times much longer
than the coherence time of the laser (𝜏o >> 𝜏c ) such that the two beams are completely uncorrelated. In
this particular case, the linewidth is the full width at half-maximum (FWHM) of the spectrum. However,
when the delay time is comparable to the coherence time of the laser (𝜏o ≈ 𝜏c ), the residual coherence
between the two interferometer paths results in a sharp Lorentzian at the AOM frequency along with
periodic ripples on the wings (green curve in Fig. 3.1). The ripples are the consequence of the coherent
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Figure 3.2: Highlighted in yellow is the 2m long external optical feedback path which couples emitted laser light
back into the diode. Highlighted in red is the DSH setup used for measuring the linewidth of the DBR laser after
the external optical feedback is active. The free space optical feedback path can by slow drifts cause a smearing
of the DSH signal. So, a slow frequency offset lock was setup to record DSH spectra [41]. The frequency offset
locking scheme is highlighted in green.

superposition between the noise from the two interferometer path. The depth of the ripples on the
wings of the lineshape depends on the laser linewidth. For delay times shorter than the coherence times
(𝜏o << 𝜏c ), the spectrum is a delta function peak sitting on a modified Lorentzian pedestal (blue curve in
Fig. 3.1). The peak in the blue curve Fig. 3.1 is not a delta function because the simulated spectrum is
convoluted with the response function of the ESA, hence finite width of the central peak. The linewidth
is extracted by fitting the modulated Lorentzian pedestal [40].

3.2 Experimental Setup
Fig. 3.2 shows the complete experimental setup, highlighted in yellow is the external optical feedback
path, the DSH setup is highlighted in red and the frequency offset lock, highlighted in green. In the
following section we focus on the DSH setup. The output of the DBR laser, when it enters the DSH setup
is divided in two parts using a polarising beam splitter (PBS) and the transmitted and reflected power
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Figure 3.3: In grey is the DSH spectrum of the bare DBR laser with Lorentzian linewidth of 736.8 kHz (also shown
in the inset on the left-hand side). In blue is the DSH spectrum of the DBR laser subject to optical feedback of
𝑝 = −44 dB but when the slow frequency offset lock is not engaged. Once the slow frequency offset lock was active,
distinct ripples on wing and sharper central peak appear as seen in the orange DSH curve.

is adjusted using a 𝜆/2 plate placed before the PBS. One part of the laser is then frequency-shifted by
80 MHz using an acoustic optical modulator (AOM) and the other part of the laser is fiber-coupled into a
4.3 km long single-mode fiber. To ensure that the polarisation of the two interfering beams is same, a
3-paddle manual polarization controllers (3-PPC) is used. A 3-PPC consists of single mode fiber wrapped
around three spools to create three independent wave plates (𝜆/4, 𝜆/2, 𝜆/4). The fast axis of the fiber is
in the plane of the spool, stress-induced birefringence allows an arbitrary input polarization state to be
adjusted by rotating the paddles [42]. The two beams are then combined on a photodiode (PD) and the
resulting beat spectra is recorded on a spectrum analyser. The blue curve in Fig. 3.3 shows the recorded
DSH spectra when the feedback power ratio was tuned to −44 dB. It is a power average of 50 traces
recorded at a resolution bandwidth of 2 kHz.
The long external feedback path (highlighted in yellow in Fig. 3.2) consists of free space components
like the quarter wave plate and a free floating external mirror mounted on a piezo. These free space
components are easily affected by low-frequency acoustical noise. The frequency of the any laser subject
to optical feedback is very sensitive to feedback phase as seen in Fig. 2.4, the plots for numerical solution
of rate equations. Therefore, in the case when the end-mirror of the external optical path is not stabilised,
the frequency of the laser is continuously drifting.
Due to the 4.3 km path imbalance between the two arms in the DSH, the frequency drift of these signals
is delayed with respect to each other. The shorter arm contains the "new" laser frequency 𝑓𝑠 whereas the
delayed signal has the "old" frequency 𝑓𝑙 solely by the virtue of the time it takes for the signal to travel to
the PD. The beat signal is now centred at 𝛿 𝑓 + ( 𝑓𝑠 − 𝑓𝑙 ), where Δ 𝑓𝑛𝑒𝑡 = 𝑓𝑠 − 𝑓𝑙 is net drift of the DSH
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signal. This net drift Δ 𝑓𝑛𝑒𝑡 was measured with the ESA to be ∼ 50 kHz. Since the final recorded DSH
spectrum are a power average over 50 traces, the frequency jitter smears out the ripples and broadens the
central peak leading to deceptive linewidth estimation.
To avoid this smearing by low-frequency drifts and to measure the actual linewidth of the DBR laser
subject to the optical feedback, the end mirror of external feedback path was locked using a slow frequency
offset lock.
3.2.1 Frequency Offset Lock

Frequency offset lock makes use of the frequency-dependent phase shift experienced by a signal when it
propagates through a delay line of coaxial cable [43]. The frequency offset locking scheme used in our
experiment can be seen in Fig. 3.2, highlighted in green. It uses the interferometric signal from DSH
signal to generate a correction signal for stabilising the external feedback path being a self-referenced or
reference-less locking technique [41].
The large optical path imbalance in the DSH setup provides the laser’s present and past output. The
comparison of these two provides an estimate on the frequency drift Δ 𝑓𝑛𝑒𝑡 . To measure the drift the DSH
signal is amplified and split into two equal parts using a power splitter. The two signal are recombined on
a phase detector, after one part has been delayed by 100 m of BNC coaxial cable. The resulting output
voltage V of the phase detector varies as cos(𝜙) where 𝜙 = 2𝜋(Δ 𝑓𝑛𝑒𝑡 + 𝛿 𝑓 )𝜏 , where 𝜏 is the delay time
introduced by the 100 m cable.
The zero crossings of the signal provide the error signal for locking the frequency drift using a servo
loop. A longer delay line would enhance the resolution, but reduce the capture range of the lock. In
our experiment, the length of the electrical delay line (BNC coaxial cable) was adjusted such that the
zero crossing of the error signal falls at the AOM frequency at 80 MHz. The lock had a capture range of
10 MHz and a frequency resolution of 0.3 mV/kHz in the linear region around the locking point.
The error signal is processed via a slow servo circuit with integral gain and applied to the piezo,
stabilising the length of the external optical feedback path. The correction signal was also applied to the
current of the laser diode via the modulation port available on the laser controller. The locking bandwidth
of the lock is a few kHz.
The orange and the blue curve in Fig. 3.3 are the DSH spectrum of the DBR laser when the feedback
power ratio was tuned carefully to −44 dB. However, the former is recorded with an active frequency
offset lock. With such a locking scheme in place, DSH data was recorded for feedback powers ranging
from −48.8 dB to until the laser showed multi-mode behaviour.

3.3 Linewidth Analysis of the DBR Laser
We first briefly review the general relationship between the frequency noise spectral density 𝑆 𝜈 ( 𝑓 ) of
a laser and its line shape and then discuss the PSD of the phototcurrent produced in the heterodyne
detection. The electric field 𝐸(𝑡) of a single-mode laser with phase noise 𝜙(𝑡) and frequency 𝜈𝑜 can be
written as
𝐸(𝑡) = 𝐸 𝑜 exp 𝑖(2𝜋𝜈𝑜 𝑡 + 𝜙(𝑡))



(3.4)

Given 𝑆 𝜙 ( 𝑓 ) and 𝑆 𝜈 ( 𝑓 ) are the single-sided phase and frequency noise PSD, respectively, one can
calculate the autocorrelation function T𝐸 (𝜏) = h𝐸 ∗ (𝑡)𝐸(𝑡 + 𝜏)i as follows [44, 45],
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T𝐸 (𝜏) =

𝐸 𝑜2



Z∞

exp 𝑖2𝜋𝜈𝑜 𝜏 exp −2

𝑆𝜈 ( 𝑓 )

sin2 (𝜋 𝑓 𝜏)

!
(3.5)

𝑑𝑓

𝑓2

0

Δ 𝜈( 𝑓 ) = 𝜈 − 𝜈𝑜 is the laser frequency deviation around its average value 𝜈𝑜 . According to the
Wiener–Khintchine theorem, the laser spectrum is given by the Fourier transform of the autocorrelation
function and can be written as
Z∞
𝑆 𝐸 (𝜈) = 2

exp(−𝑖2𝜋𝜈𝜏)T𝐸 (𝜏) 𝑑𝜏

(3.6)

−∞

The integral in Eq. 3.6 can be fully solved analytically for white noise frequency noise 𝑆 𝜈 ( 𝑓 ) = 𝑘 𝑤 only,
where 𝑘 𝑤 is the single-sided noise coefficient in Hz2 /Hz leading to a Lorentzian lineshape with full width
half maximum FWHM = 𝑘 𝑤 𝜋 [44]. Typically, lasers are also affected by flicker (1/ 𝑓 ) or random-walk
(1/ 𝑓 2 ) frequency noise which leads to non-analytical lineshapes that can only be obtained numerically.
In the experiment, the PSD of the DSH signal is obtained by Fourier transformation of the autocorrelation
function of the detected photocurrent. As discussed in Section 3.1. The analytical expression (Eq. 3.3)
includes contribution of the white frequency noise only which was used in Fig. 3.4 to fit a spectrum with
𝑝 = −44.4 dB. The analytically spectrum either fits well to the central peak or the ripples on the wings.
The Lorentzian linewidth predicted from such a fit is ∼ 5 kHz, which is an over-estimated value as we
find out later.
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Figure 3.4: DSH spectrum at p = -44.4 dB fitted using the analytical expression (Eq. 3.3) which includes contributions
from white frequency noise only. The estimated Lorentzian linewidth based on the fit is 5.093 kHz

Since there is no analytical expression for the PSD of DSH spectra including higher order frequency
noise available, a numerical simulation approach to reproduce DSH spectra as in [24] was used to analyse
the different noise contributions.
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3.3.1 Phase Noise in Lasers
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Figure 3.5: Numerically simulated DSH spectra to illustrate the effect of higher order frequency noise on DSH
spectrum.

The phase noise of laser specially relevant to DBR lasers and their physical origin is described below.
Laser phase and frequency noise power spectral density 𝑆 𝜙 ( 𝑓 ) and 𝑆 𝜈 ( 𝑓 ) are commonly used to quantify
the phase/frequency noise power distribution over frequency. The most common noise types that are
included in the analysis of laser noise processes exhibit a 1/ 𝑓 𝛼 (𝛼 = 0, 1, 2) dependence of 𝑆 𝜈 . The full
frequency noise PSD can therefore be described by,
𝑆𝜈 ( 𝑓 ) = 𝑓 2𝑆 𝜙 ( 𝑓 ) = 𝑘 𝑤 +

𝑘𝑓
𝑓

+

𝑘𝑟
𝑓2

(3.7)

where 𝑘 𝑤 , 𝑘 𝑓 and 𝑘 𝑟 are the noise coefficients of the white, flicker and random-walk noise respectively.
𝑆 𝜈 ( 𝑓 ) and 𝑆 𝜙 ( 𝑓 ) are measured single-sided in the units Hz2 /Hz and rad2 /Hz.
White frequency noise

White frequency noise in a laser results from spontaneous emission events [12]. The single-sided
frequency noise PSD 𝑆 𝜈 ( 𝑓 ) for a pure white frequency noise is flat in frequency, and gives rise to the
well-known Lorentzian lineshape described by the Schawlow–Townes–Henry linewidth [11, 12]. This
linewidth component is inversely proportional to the output power of the laser. However, at high power
the laser linewidth does not approach zero because of additional noise sources in a laser.
If a laser is dominated only by white frequency noise, the lineshape of a correlated DSH spectrum
would be the blue curve in Fig. 3.5. With a sharp delta peak sitting on a pedestal and periodic ripples on
the Lorentzian wings.
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Flicker frequency noise

The carrier fluctuations introduced by surface and interface recombination leads to flicker noise [46, 47],
whose single-sided frequency noise PSD 𝑆 𝜈 ( 𝑓 ) ∼ 1/ 𝑓 . This 1/ 𝑓 -type frequency noise is dominant in
low frequency region ∼200 kHz to 10 MHz, is almost independent of the output power [48], and gives
rise to the residual linewidth of a laser at high power. An exact expression of the line shape cannot be
obtained, and different approximations have been proposed to describe the resulting spectrum [44, 48].
The lineshape is approximated to a Gaussian around the central frequency of the laser. The combined
contribution of white noise Lorentzian line shape and 1/ 𝑓 -noise Gaussian line shape is a Voigt profile.
The result for a simulated DSH spectrum for a laser with both white and 1/ 𝑓 -type frequency noise is
shown in orange curve Fig. 3.5, characterised by the broadening of the central pedestal and decreased
height of the ripples on the wings of the spectrum.
Random-walk frequency noise

Random-walk frequency noise is often reported for DBR lasers [21–23]. The single-sided frequency
noise PSD for this noise 𝑆 𝜈 ( 𝑓 ) shows 1/ 𝑓 2 . The physical origin is attributed to the design of DBR lasers
which differs from a conventional Fabry Perot cavity based laser. DBR lasers have separate passive tuning
sections placed outside the active region of the laser cavity. Thus, besides the injection-recombination
1/ 𝑓 -type noise, the carrier density fluctuations in the tuning regions can have large noise contributions
[22, 23].
A simulated DSH spectrum that includes white, 1/ 𝑓 -type and 1/ 𝑓 2 frequency noise is shown in green
in Fig. 3.5. The 1/ 𝑓 2 frequency noise obscures the central peak in the DSH spectrum slightly different
from white and 1/f frequency noise. The features of the lineshape simulated with contributions of all
three frequency noise resembles closely to the measured DSH spectra.

3.4 Simulation-based Fitting Routine
The simulation-based fitting based on [24] to analyse the DSH signal by numerically simulating spectra
includes contributions from higher order frequency noise also. The flow chart in Fig. 3.6 summarises the
numerical simulation.
The goal of the simulation based-fitting routine is to emulate the recorded spectra by a simulation of
the the photodiode signal (Eq. 3.1) with well-known noise contributions. For this, first a phase noise
sequence 𝜙(𝑡) is generated (Section 3.4.1) by superposition of a white 𝜙 𝑤 (𝑡), a flicker 𝜙 𝑓 (𝑡) and a
random-walk 𝜙𝑟 (𝑡) frequency noise source as:
𝜙(𝑡) = 𝐴 𝑤 𝜙 𝑤 (𝑡) + 𝐴 𝑓 𝜙 𝑓 (𝑡) + 𝐴𝑟 𝜙𝑟 (𝑡)

(3.8)

𝐴 𝑤 , 𝐴 𝑓 , 𝐴𝑟 are the noise amplitudes of the corresponding noise sources. These are also the parameters
that are optimized to fit the numerically simulated spectrum to the experimental data. Each of the 1/ 𝑓 𝑚
(m=0, 1, 2) noise is produced by spectrally filtering white noise (Section 3.4.2). The fourth parameter
that is optimized is the signal strength 𝐼o .
The PSD of the heterodyne signal (Eq. 3.1) is calculated by the Welch method (Section 3.4.3) and
convoluted with the response function of the ESA. The fitting parameters [𝐼o , 𝐴 𝑤 , 𝐴 𝑓 , 𝐴𝑟 ] are optimised
using the Nelder-Mead Simplex search (Section 3.4.4). Once the error between the numerically simulated
and the measured spectra converges, we calculate the three noise coefficient 𝑘 𝑤 , 𝑘 𝑓 and 𝑘 𝑟 from the
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Figure 3.6: Flowchart of the steps used in the simulation based fitting routine [24].
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optimised noise amplitudes (Section 3.6) . Finally, an estimate on the linewidth corresponding to each
frequency noise can be made, presented in Section 3.7.
3.4.1 Generating Discrete-time Signal

In order to generate the continuous photodiode signal or the phase noise signal numerically in Matlab® ,
we use a technique called sampling. Sampling is the process of converting a continuous-time signal into a
discrete-time signal. The signal is converted by finding its value at uniformly spaced points in time. The
spacing between two consecutive samples is called the "time sampling constant", determined by the delay
time (𝜏o ) [24] and the sampling theorem. We start by re-writing the continuous phase noise sequence
(Eq. 3.8) in discrete-time domain,
𝜙(𝑚𝑇𝑠 ) = 𝐴 𝑤 𝜙 𝑤 (𝑚𝑇𝑠 ) + 𝐴 𝑓 𝜙 𝑓 (𝑚𝑇𝑠 ) + 𝐴𝑟 𝜙𝑟 (𝑚𝑇𝑠 )

(3.9)

where m ∈ 1, 2, ..., 𝑛 is the integer length of the full noise vector or the associated DSH signals, chosen as
𝑛 = 107 throughout the data analysis using this simulation-based fitting. The upper-limit of the value is
strictly based on computation capabilities of the computing machine. A smaller number of samples leads
to a more noisy spectrum, making it harder to fit them to experimental data. The chosen length provides a
good trad-off of accuracy compared to the necessary computing time for the ressources of a common PC.
𝑇𝑠 is the time sampling constant chosen as 𝑇𝑠 = 1/sigsamp ∗ 𝛿 𝑓 , where 𝛿 𝑓 is the beat frequency of the
DSH signal given by the AOM. sigsamp determines how many points are samples during an oscilltion
of the beat signal. A large value of sigsamp implies finer sampling of the signal. The smaller over all
time (n*𝑇𝑠 ) however results in a noisier spectrum for a fixed n. For the presented analysis of spectra (n,
sigsamp, 𝛿 𝑓 ) = (107 , 5, 80 MHz) was used.
2

3.4.2 Generating white, 1/ 𝒇 and 1/ 𝒇 Frequency Noise Sources

Each of the noise component can be generated by using a spectral filter on a flat spectrum, i.e., dividing
a flat spectrum locally by 𝑓 𝑠 , where 𝑠 = 2, 3, 4 for white, flicker and random-walk noise, respectively.
We do so in Matlab by first generating a time vector of length 𝑛 with Gaussian noise using the randn
command giving the time trace of a spectrally flat random process. We perform a Fourier transform of
it using the in-build fft command to be able to apply the spectral filters. Finally, an inverse Fourier
transform is applied to retrieve the corresponding time sequences. Each of the noise components is
generated from a separate random trace.
3.4.3 Welch Method

One of the most important steps in the simulation is calculating the PSD of the heterodyne signal or of
the phase noise. PSD of a signal 𝑥 can be calculated as
𝑆 𝑥 ( 𝑓 ) = F T (𝑥)F T (𝑥)∗ = | 𝑥(
˜ 𝑓 )| 2

(3.10)

where F T and ∼ denotes the Fourier transform. To compute the PSD in the simulation, we use the
Welch method [49], which reduces the noise of the PSD by averaging. It is based on Bartlett’s method
which involves dividing the signal in K subsets of length L, computing periodograms of these subsets,
and averaging over these periodograms. For the Welch method the K subsets of length L are overlapped
by D points (Fig. 3.7). For the simulation we chose, D = L/2 i.e. 50% overlap.
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Figure 3.7: Illustration of segmentation of a signal in K subsets of length L with D = L/2, i.e. 50% overlap in Welch
method [49].

The overlapped segments are then windowed by a window function 𝑤(𝑛𝑇𝑠 ) in the time domain. The
type of window function used in the simulation is discussed in the next section. The periodogram is
calculated for each of the segment, by computing the discrete Fourier transform using the FFT command
in Matlab, and then computing the squared magnitude of the result. Finally, the PSD of the DSH signal is
obtained by averaging the PSDs of 𝐾 subsets,
2𝜋
𝐾 | P 𝐿−1 𝐼(𝑛𝑇 )𝑤(𝑛𝑇 )𝑒 −𝑖 𝐿 𝑛𝑙 | 2
1 X
𝑛=0
𝑠
𝑠
𝑆(𝑙) =
P 𝐿−1
2
K 𝑚=1
𝑛=0 𝑤(𝑛𝑇𝑠 )

(3.11)

where 𝑤(𝑛𝑇𝑠 ) is the normalised window function.
Window Function

Matlab’s fft command computes the discrete Fourier transform (DFT) of the finite data samples. These
samples cut the signal at their boundaries, which appears as a discontinuity of the DFT, if the signal
period is not an integer fraction of the segment length. The discontinuities appear as high-frequency
components which were not present in the original signal. This causes the energy to leak into other
frequencies, also called spectral leakage. In order to reduce spectral leakage window functions are used.
Windows are weighting functions that are applied to each segment in time domain before applying the
DFT. These functions are applied as multiplicative weights to the data to reduce the order of discontinuity.
Most of the window functions start near or at zero, then increase to a maximum at the center of the time
series and decrease again afterwards symmetrically. Thus, reducing the discontinuity. Different window
functions affect attributes of the resulting signal in frequency domain differently; for example, width of
the peak, amplitude accuracy or resolution [50].
For our simulation, we chose the Hann window (Eq. 3.12), named after the Austrian meteorologist
Julius von Hann. This window belongs to cos 𝛼 (𝑋) family, where the parameter 𝛼 is an integer. The
general form of this window function for finite Fourier transform is
𝑛
𝑁
𝑁
𝜋],
𝑛 = − , .., −1, 0, 1, ...,
(3.12)
𝑁
2
2
𝛼 = 2 is the Hann window, also known as raised cosine or Hanning and is shown in Fig. 3.8. This
window has a wide peak but low side lobes, touching zero at both the end of the signal, removing all the
𝑤(𝑛) = cos 𝛼 [
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discontinuity. Side note: The charm of a Hann window with 50% overlap is that all points in the full time
series contribute at the end with equal weight (except the first part of the very first segment and the last
part of the very last one).
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Figure 3.8: Hann window in time and frequency domain.

3.4.4 Nelder-Mead Simplex Search

The method used for optimizing the simulated spectrum is the downhill simplex method developed by
John Nelder and Roger Mead in 1965 [51]. The algorithm finds a local maximum or minimum of an
objective function in a multidimensional space since it requires only function evaluations, not derivatives,
the number of evaluations is smaller than gradient based searches. The method uses the concept of
a simplex, a geometrical figure residing in N dimension, consisting of 𝑁 + 1 points (vertices) and all
their interconnecting line segments, polygonal faces, etc. For example, in two dimension, a simplex is a
triangle. In three dimension it is a tetrahedron, as shown in top of Fig. 3.9.
The "geometrical nature" of this algorithm makes it easy to understand. For multidimensional
minimization, we start with a N-vector of independent variables (initial guess). The algorithm then
makes its own way downhill through the N-dimensional topography, until it encounters a (local, at least)
minimum. The downhill simplex method starts with defining a simplex with N+1 points. One of these
points is the initial guess 𝐼𝑜 , the other N points are defined as
𝐼𝑖 = 𝐼𝑜 + 𝜆𝑒 𝑖

(3.13)

where the 𝑒 𝑖 ’s are N unit vectors, and 𝜆 is a constant which is the guess of the problem’s characteristic
length scale.
The downhill simplex method takes a series of steps, most steps to move away from the point where
the objective function is largest (“high point”) through the opposite face of the simplex to a lower point.
These steps are called reflections which conserve the volume of the simplex. Fig. 3.9 shows an intial
simplex, a tetrahedron with highest and lowest point marked. In Fig. 3.9, (a) shows the reflection away
from the high point. The method can also expand the simplex in one or another direction to take larger
steps, called reflection and expansion ((b) in Fig. 3.9). If the method after a couple of iterations of the
above mentioned steps reaches a "valley floor", it contracts itself either in one direction away from the
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Figure 3.9: Possible step types in the Nelder-Mead downhill simplex method. In three dimension, a simplex is a
tetrahedron in the parameter space, as shown, in top. To minimize the cost function in the parameter space, the
simplex can perform one of the following operations at every step (a) a reflection away from the high point, (b) a
reflection and expansion away from the high point, (c) a contraction along one dimension from the high point, or
(d) a contraction along all dimensions towards the low point. An appropriate sequence of such steps will converge
to atleast a local minimum of the objective function. Illustration from [52].

high point (contraction, (c) in Fig. 3.9) or it contracts in all directions (multiple contraction, (d) in Fig. 3.9)
around its lowest points and tries to reach the valley bottom (at least a local minimum).
This method is pre-implemented in Matlab in the fminsearch function. The arguments of the
function are the objective function 𝑓 𝑢𝑛𝑐 and the initial parameters 𝐴𝑖𝑛 = [𝐴 𝑤 , 𝐴 𝑓 , 𝐴𝑟 , 𝐼𝑜 ]. To optimize
the resemblance of the simulation with the measured spectrum, the objective function chosen for the
simulation is the sum of the squared residuals (SSR),
𝑓 𝑢𝑛𝑐 =

X

|(𝑆 𝑠𝑖𝑚 ( 𝑓 ) − 𝑆 𝑒𝑥 𝑝 ( 𝑓 ))| 2

(3.14)

𝑓

where the index 𝑓 represents all the frequencies (79.6 MHz to 80.4 MHz). 𝑆 𝑠𝑖𝑚 and 𝑆 𝑒𝑥 𝑝 are the
numerically simulated PSD (dBm/Hz) and experimentally obtained PSD (dBm/Hz) at the frequency 𝑓 .
The algorithm performs a series of the steps described above to find the set of [𝐴 𝑤 , 𝐴 𝑓 , 𝐴𝑟 , 𝐼𝑜 ] for
which the objective function is minimum. Since it is also important to fit the behaviour away from the
main peak in the spectrum, the optimisation is performed in log-space. Fig. 3.10 shows an optimised
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Figure 3.10: DSH spectrum at p = −40.9 dB fitted using the simulation based fitting routine. The estimated
Lorentzian linewidth is 0.599 kHz.

simulated spectrum.
The termination of the algorithm depends on the maximum number of function evaluations, the
tolerance on the change of the value of the objective function during each step and on the size of the step
itself. The termination criteria used for our simulation is discussed below.
Termination Criteria

Matlab’s function fminsearch provides three parameters, namely MaxFunEvals, TolFun and TolX to
terminate the algorithm. The MaxFunEvals is maximum number of function evaluations allowed, set
to 100 for our simulation. To ensure faster convergence, the initial guess is updated manually for each
dataset until the simulated spectrum is very close to the experimental spectrum. Once this is achieved,
the initial parameters is fine tuned using the Nelder-Mead algorithm and 100 evaluations of the objective
function is fairly sufficient.
TolX is a lower bound on the size of a step, meaning the norm of (𝐴𝑖 − 𝐴𝑖+1 ) , where 𝐴𝑖 and 𝐴𝑖+1
contains the value of the initial parameters at ith and (i+1)th iteration. TolFun is a lower bound on
the change in the value of the objective function 𝑓 𝑢𝑛𝑐 during a step. We set both TolX and TolFun to
10−2 . When 𝐴𝑖 − 𝐴𝑖+1 < TolX and | 𝑓 𝑢𝑛𝑐(𝐴𝑖 ) − 𝑓 𝑢𝑛𝑐(𝐴𝑖+1 )|< TolFun, the iterations end. Fits does not
necessarily yield better results for decreasing the value of both TolX and TolFun. Because of its finite
sample size the simulation is noisy itself and will not fit the data increasing well. To reach better values
the averaging in the simulation would need to be increased by using longer time vectors (larger values for
n) which linearly increases the simulation time, being the time of just a single function evaluation in the
optimization. Increased accuracy comes, therefore, at the cost of much larger fit times.
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Figure 3.11: PSD of the phase noise 𝑆 𝜙 with white noise source only to extract 𝑘 𝑤 .

3.5 Lorentzian Linewidth Estimation : PSD of Phase Noise
The optimized noise amplitude 𝐴 𝑤 from the phase noise sequence is used to extract the Lorentzian
linewidth of the laser. We do so by computing the PSD of the phase noise 𝑆 𝜙 ( 𝑓 ) by including only the
white noise contribution. For the feedback power =−44.4 dB, the phase noise PSD of white noise is
shown in Fig. 3.11. The simulated data is fitted with
𝑘𝑤
𝑆𝜙( 𝑓 ) =

(3.15)

𝑓2

where the white noise coefficient 𝑘 𝑤 = 𝛿𝜈/𝜋, 𝛿𝜈 is the intrinsic Lorentzian linewidth of the laser. The
estimated intrinsic linewidth of the laser at a feedback power ratio of −44.4 dB is 1.085 kHz. Similarly,
the Lorentzian linewidth for all feedback powers ratio from the PSD of the phase noise is computed and
plotted in Fig. 3.12. Each linewidth data point is an average of four independently recorded experimental
traces, the error bars are the standard deviation from the mean value. Apart from the linewidths retrieved
through the fitting of the white noise part of the phase noise PSD (in green), Fig. 3.12 also shows the
linewidths as extracted via two other methods that are explained in the upcoming sections.

3.6 Noise Coefficients
To estimate the noise coefficient of each noise, we start with Eq. 3.7,
𝑘𝑓

𝑘𝑤
𝑆𝜙( 𝑓 ) =
𝑓

2

+
𝑓

3

+

𝑘𝑟
𝑓4

(3.16)

In the simulation, the PSD of each phase noise can be evaluated separately using the Welch estimation
by making use of the fitted noise amplitudes [𝐴 𝑤 , 𝐴 𝑓 , 𝐴𝑟 ] as
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Figure 3.12: Estimated Lorentzian linewidth for increasing feedback power ratio 𝑝 from three methods. The DSH
measured laser linewidth derived from the three methods are comparable within the error bars.
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𝑆 𝜙 (𝑡) = 𝐴2𝑤 | 𝜙˜ 𝑤 ( 𝑓 )| 2 +𝐴2𝑓 | 𝜙˜ 𝑓 ( 𝑓 )| 2 +𝐴𝑟2 | 𝜙˜𝑟 ( 𝑓 )| 2

(3.17)

where ∼ denotes the Fourier transform of the respective phase noise. Comparing Eq. 3.17 and Eq. 3.16,
the noise coefficient and noise amplitudes follow a quadratic relationship
𝑘 𝑤 = 𝑐 𝑤 · 𝐴2𝑤

(3.18a)

𝑘 𝑓 = 𝑐 𝑓 · 𝐴2𝑓
𝑘 𝑟 = 𝑐𝑟 · 𝐴𝑟2

(3.18b)
(3.18c)

Once the scaling factor 𝑐 𝑤 , 𝑐 𝑓 , 𝑐𝑟 are known, the noise coefficient can be directly computed from the
fitted noise amplitude.
3.6.1 Estimation of Quadratic Scaling Factors

First, we simulate the PSD of each noise independently (Fig. 3.13) and fit them using Eq. 3.16 to extract
𝑘 𝑤 , 𝑘 𝑓 and 𝑘 𝑟 for a chosen value of 𝐴 𝑤 , 𝐴 𝑓 , 𝐴𝑟 . For a given value of noise amplitude, the computation
of the PSD and the fitting to find the noise coefficient is performed 100 times to estimate the standard
deviation of the fitted parameter. The same procedure is repeated for different values of 𝐴 𝑤 , 𝐴 𝑓 , 𝐴𝑟 .
Fig. 3.14 shows the quadratic scaling of noise coefficient with noise amplitude. The scaling factors 𝑐 𝑤 ,
𝑐 𝑓 , 𝑐𝑟 are computed by performing a quadratic fit for each noise. The value of the scaling factors and
their confidence intervals of the fitted parameter are summarised in the table below.
Frequency noise
White
Flicker
Random-walk

Scaling factor
0.3015
0.1537
0.0989

Confidence interval
[0.3001, 0.3029]
[0.1536, 0.1538]
[0.0988, 0.0990]

The direct relation of 𝐴 𝑤/ 𝑓 /𝑟 to 𝑘 𝑤/ 𝑓 /𝑟 can then be used to extract the noise coefficients. For the
Lorentzian noise, the linewidth extracted through 𝛿𝜈 = 𝜋 · 𝑘 𝑤 can then be compared for both the directly
fitted 𝑘 𝑤 (green points in Fig. 3.12) and the 𝑘 𝑤 extracted through the quadratic relation (red points). The
extracted noise coefficients of each frequency noise type extracted via the quadratic relation are plotted in
Fig. 3.15 as a function of the feedback power ratio 𝑝.

3.7 Pure Lineshape
The simulation-based fitting routine returns four fitted parameters, the amplitude of the three noise
components and the signal strength. The Lorentzian linewidth of the laser is directly extracted from
𝑘 𝑤 , the white noise coefficient from the PSD of the phase noise. The analytical expression to find the
linewidth arising from 1/f noise [44] is not valid in our case. And the spectral width due to 1/ 𝑓 2 -noise,
an analytical expression is not available. To still extract the spectral lineshape of each noise component of
the laser, we used simulated spectra of a heterodyne measurement with a perfect reference.
Assume a perfect reference laser source with no phase noise operating at 𝜔 𝑝 = 80 MHz. The electric
field 𝐸 𝑝 (𝑡) of such a laser can be written as,
𝐸 𝐷 (𝑡) ∝ 𝑐𝑜𝑠(𝜔 𝑝 𝑡)

(3.19)
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Figure 3.14: Quadratic fits of the noise coefficients with noise amplitude. Note:𝑥 and 𝑦 axis of white and flicker
noise have been scaled to depict all the quadratic plots in the same graph. The 𝑥 and 𝑦 axis for white noise are
scaled by a factor of 104 and 108 , whereas for the flicker noise, the 𝑥 and 𝑦 axis are scaled by 102 and 104 .

If this perfect laser is superimposed with the DBR laser (the laser under test) with phase noise 𝜙𝑜 𝑝𝑡𝑖 (𝑡).
The total intensity 𝐼𝑠 (𝑡) detected on the photodiode can be written as,


𝐼(𝑡) ∝ cos 𝜔𝑡 + 𝜙𝑜 𝑝𝑡𝑖 (𝑡)
(3.20)
𝜙𝑜 𝑝𝑡𝑖 (𝑡) = 𝐴 𝑤 𝜙 𝑤 (𝑡) + 𝐴𝑟 𝜙𝑟 (𝑡) + 𝐴 𝑓 𝜙 𝑓 (𝑡)

(3.21)

where 𝜔 = 2𝜋 · 80 MHz. The PSD of the signal will be square of the magnitude of the Fourier
transform 𝑆 𝐼 ( 𝑓 ) = |F T (𝐼(𝑡))| 2 which for the simulation is computed using the Welch estimation. A
spectral lineshape corresponding to each noise component can be simulated by setting the other two noise
amplitudes to zero.
The simulated spectrum for feedback power ratio 𝑝 = −44.4 dB each noise is shown in Fig. 3.16. As the
white noise gives rise to a Lorentzian curve [11, 12] a pure Lorentzian can be fitted to find the Lorentzian
linewidth which gives a third method to extract it as is plotted in Fig. 3.12. The linewidth of the simulated
Lorentzian is comparable within the error bar to the linewidth predicted by the other two methods.
The spectrum of a laser affected only by 1/ 𝑓 -noise is approximately Gaussian [44]. The simulated
power spectrum is the orange curve in Fig. 3.16. A Gaussian curve is fitted to these simulated 1/ 𝑓
spectrum to estimate the linewidth of the laser generated from the flicker noise. Fig. 3.15 summarises the
FWHM linewidth for each feedback power ratio 𝑝. The estimated Gaussian linewidth also decreases with
increasing feedback power and is larger than the predicted Lorentzian linewidth. However, it is known
that the 1/ 𝑓 noise broadens the DSH spectrum for different delay times [44]. Therefore, the estimated
Gaussian linewidth is an upper limit on the real Gaussian linewidth of the DBR laser.
The noisy and broad black curve in Fig. 3.16 arises from 1/ 𝑓 2 or random-walk frequency noise. With
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Figure 3.15: Noise coefficient (right y-axis) and associated linewidth (left y-axis) of white, flicker and random-walk
frequency noise (top to bottom) as a function of feedback power ratio p. All the three noise coefficients 𝑘 𝑤 , 𝑘 𝑓
and 𝑘 𝑟 are calculated using the scaling factor 𝑐 𝑤 , 𝑐 𝑓 , 𝑐𝑟 , respectively (Section 3.6). The Lorentzian linewidth
𝛿𝜈 = 𝜋.𝑘 𝑤 decreases with increasing feedback power as expected. The Gaussian and the 1/ 𝑓 2 linewidth are
estimated by simulating pure 1/ 𝑓 and 1/ 𝑓 2 lineshape (Section 3.7). The error on all the estimated linewidth is the
standard deviation over multiple DSH traces recorded for each feedback power.
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Figure 3.16: Numerically simulated lineshape of the laser for the three frequency noises, namely white, flicker and
random-walk frequency noise. The white freuquency noise corresponds to Lorentzian lineshape (the blue curve)
with lowest linewidth of 1.09 kHz. In orange is the approximately Gaussian linshape arising due to the flicker
frequency noise with FWHM of 19.6 kHz. In grey, is the lineshape attributed to random-walk or 1/ 𝑓 2 frequency
noise, averaged over 50 traces. The linewidth of this flat-top spectrum is 111 kHz.The PSD of Gaussian and 1/ 𝑓 2
spectrum is scaled by a factor of 10 and 100, respectively in order to visualise all three lineshapes in the same plot.

increasing exponent 𝑥 on frequency (1/ 𝑓 𝑥 ), the noise gets slower, which means that the error phase
evolves on longer timescales. Hence, longer time signal have to be analysed to retrieve a smoother
spectrum or the spectrum has to be averaged over many traces. The simulated spectrum of 1/ 𝑓 2 -noise in
Fig. 3.16 is an average over 50 traces. The estimated full width at half maximum (FWHM) is plotted in
Fig. 3.15. The 1/ 𝑓 2 linewidth also decreases with increasing 𝑝.

3.8 Conclusion
In this chapter, I presented how we acquired and analysed correlated DSH spectrum to extract the
Lorentzian linewidth of the DBR laser subject to controlled optical feedback. With the simulation-based
fitting routine, we could also estimate the noise coefficients and the linewidth corresponding to higher
order frequency noise, especially relevant to DBR lasers. We wish to in the future make the Matlab code
of the fitting routine available to everyone via MathWorks or Github.
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Carrier-free Raman Sideband Cooling
Quantum optics experiments with cold atoms and ions rely upon preparation of atoms in their motional
ground state. In experiments such as our, dealing with one or few atoms, Raman sideband cooling [53]
is the preferred choice for preparing the quantum motional states of these trapped atoms over other
techniques like evaporative cooling [54]. It is based on driving a two photon Raman transition [55]
between the hyperfine states of an atom while reducing its vibrational levels. This technique requires two
lasers phase-locked with a tunable frequency offset close to the hyperfine splitting.
The blue detuned intra-cavity dipole trap created by the lock laser light in our experiment [2] serves as
one of the Raman beams. To drive Raman transitions, the linewidth-reduced DBR (LR-DBR) laser is
phase locked to the lock laser with an offset of ∼6.8 GHz, corresponding to the hyperfine splitting of
Rubidium ground states. Since the atoms are trapped at the intensity minima of the intra cavity lattice,
two-photon carrier Raman transitions are suppressed [4, 5]. Using this carrier-free Raman manipulation,
the atom can be cooled in all three motional dimensions.
In Section 4.1 and Section 4.2.1, I describe the setup used for locking the LR-DBR laser to the lock
laser as well as the main experimental setup. With the intent to cool the atom in all the three directions
with a single Raman pulse, we overlap the trap frequencies of all three dipole traps in our system. These
trapping frequencies are measured and calibrated using Raman spectroscopy (Section 4.3) and finally a
spectrum with all the three trapping frequencies overlapped is presented.

4.1 Raman Laser Setup
The linewidth-reduced DBR laser is phase-locked to the intra-cavity lock laser with a frequency offset
that corresponds to the hyperfine splitting of Δ 𝐻 𝐹 = 6.8 GHz plus a variable two-photon detuning 𝛿 that
can be scanned or can be set to address any desired motional sidebands.
The experimental setup for the optical phase lock loop (OPLL) is shown in Fig. 4.1. A phase frequency
discriminator (PFD) is used to compare the beat signal of the two lasers to a stable reference at 6.8 GHz
produced by a low noise RF source and to quantify the frequency and phase deviations. Based on these
deviations, the PFD generates two error signals, a high frequency (HF) output and low frequency output
(LF). The HF output is connected to a loop filter, which then applies feedback signal to as a direct current
modulation on the laser diode for phase locking. The LF output is processed via a PI controller (lock box)
to produce a correction signal, which is then amplified via a high voltage (HV) amplifier and applied
to the piezo-mirror of the external feedback path. The correction signal of the lock box is also applied
to the current modulation port of the laser controller via the inverting amplifier to implement a current
feedforward.
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Figure 4.1: Experimental setup for Raman lock between the LR-DBR laser and the lock laser. A phase frequency
discriminator (PFD) is used to compare the beat signal of the LR-DBR laser and the lock laser to a stable reference
and quantify the frequency and phase deviations. The PFD generates two error signals, a high frequency (HF)
output and low frequency output (LF). The HF output is connected to a loop filter, which then applies feedback
signal to a direct current modulation on the laser diode for phase locking. The LF output is processed via a PI
controller (lock box) to produce a correction signal, which is then amplified via a high voltage (HV) amplifier and
applied to the piezo-mirror of the external feedback path. The correction signal of the lock box is also applied to
the current modulation port of the laser controller via the inverting amplifier.
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Figure 4.2: Beat spectra of the lock between the LR-DBR laser and the lock laser. The beat spectrum in blue is
recorded when the LR-DBR laser is locked to a free-running lock laser with 99.5% power in the carrier and locking
bandwidth of ∼ 3 MHz. When the Raman laser is locked to the lock laser, and the latter locked to the frequency
comb, the phase lock of the Raman amplifies the servo bumps of the lock laser to comb which results in a reduction
of the power in the carrier to 97.5% and locking bandwidth to ∼2.1 MHz.

The lock laser at 770 nm is also locked to the frequency comb via an OPLL [56, 57]. When the
LR-DBR laser is locked to an unlocked (free-running) lock laser the power in the carrier is 99.5% with
locking bandwidth (BW) of ∼ 3 MHz. However, when the lock laser’s lock to the frequency comb is also
engaged, the power in the carrier decreases to 97.5% with locking BW of ∼2.1 MHz because the phase
lock of the Raman can amplify the servo bumps of the lock laser to comb if the bandwidths of these two
locks are similar. Beat spectra for two cases are shown in Fig. 4.2.
Lock Box

The lock box comprises of proportional and integral controller which processes the LF error signal
to correct for frequency deviations. The output of the lock box is applied to the piezo of the external
feedback path via the HV amplifier. Mathematically, it can be written as
Z𝑡
𝑐(𝑡) = 𝑀 · [𝑃 · 𝑒(𝑡) + 𝐼 · 𝑒(𝜏) · 𝑑𝜏]
(4.1)
0

where c(t) is correction signal, e(t) is the LF error signal and M, P, I are the coarse, proportional and
integral gain. All the three gains can be adjusted from the lock box and are set such that the beat signal
has a best signal to noise ratio and bandwidth.
Loop Filter

The loop filter provides negative feedback directly to the current modulation of the DBR laser diode
to suppress the phase deviations. It consists of three parts: a low pass filter, a lead filter and a voltage
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Figure 4.3: Beat spectrum of the LR-DBR laser and the lock laser to reveal the suppressed external cavity modes
(XCMs) at ∼ 56 MHz from the laser-cavity mode (LCM).

divider. After the low pass filter blocks the frequencies that are high for correction purposes, the lead
filter shifts the phase of the signal such that the phase deviations are suppressed. The voltage divider
controls the overall gain of the signal. Along with these components are some protection circuitry like
the Zener diodes and a DC blocking capacitor at the final output of the loop filter to limit the current
feedback sent to the laser diode.

Current Feed-forward

The external optical feedback path (highlighted in yellow in Fig. 4.1) which is 2 m long has free spectral
range (FSR) of ∼56 MHz and this hampers the frequency tunability of the DBR laser. The external cavity
modes (XCMs) present in the vicinity of the laser-cavity mode (LCM) are suppressed by >30 dB but on
tuning the frequency of the laser with the piezo the laser jumps between these XCMs. These XCMs are
visible in the beat of the LR-DBR laser with the lock laser, see Fig. 4.3. To achieve mode-hop free tuning
of frequency over XCMs, a current feedforward was implemented.
The idea was to scan the frequency of the laser with the piezo and the laser current simultaneously such
that the laser does not jump between the XCMs, and to do so the output of the lock box was also applied
to the current modulation port of the laser controller via the inverting amplifier. The frequency response
of the laser with the optical feedback blocked via the current modulation port of the laser controller
is -320 MHz/V as compared to 64 MHz/V frequency tuning by the piezo.An inverting amplifier was
designed to match the current-tuning slope to the piezo-tuning one, achieving a mode-hop-free tuning
range of 1.1 GHz GHz (>20×FSR). Currently, the tuning range is limited by the maximum stroke of the
piezo.
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Figure 4.4: (a) A single rubidium atom trapped at the centre of a fiber Fabry-Pérot cavity using a pair of counterpropagating, red-detuned dipole trap beams at 860 nm in the 𝑥𝑦 plane (the 860 nm beam in 𝑥-axis is not shown)
and the intra-cavity, blue-detuned laser field at 770 nm in 𝑧-axis. Circularly polarized light at 795 nm to optically
pump the atom. The LR-DBR laser beam propagates collinear to the DT𝑢 in 𝑦-axis (b) Illustration of 1-D Raman
sideband cooling using the lock laser (𝜔 𝐿 ) and the Raman laser (𝜔 𝑅 ). (c) Details of the levels and transitions in
87
Rb involved in Raman manipulation and cooling. The figure is adapted from [2].

In our experiment, a neutral 87 Rb atom is loaded at the centre of a fiber Fabry-Pérot cavity [1, 2].
Inside the cavity, the atom is confined in the 𝑥𝑦 plane using a pair of counter-propagating, red-detuned
dipole trap beams at 860 nm (referred to as DT 𝑣 and DT𝑢 ). The vertical confinement is provided by
the intra-cavity, blue-detuned laser field at 770 nm, it is also used to stabilize the cavity length via the
Pound-Drever-Hall method [58]. The quantization axis in the experiment is defined by magnetic bias
field bias of ∼1.82 G along the cavity axis (𝑧-axis). This field breaks the degeneracy of the hyperfine
energy levels with the Zeeman splitting Δ𝜔 𝐵 = 2𝜋.1.27 MHz.
In order to achieve coherent two-photon coulping between the 𝐹 = 2 and the 𝐹 = 1 manifold (strictly
speaking 𝐹 = 2, 𝑚 𝐹 = −2 and 𝐹 = 1, 𝑚 𝐹 = −1 ) (Fig. 4.4(b)) of the 52 𝑆1/2 electronic ground state
hyperfine, we address the atom by a single Raman laser beam that propagates collinear to the DT𝑢 along
the 𝑦-axis. This Raman beam is the LR-DBR laser that is phase-locked to the intra-cavity, blue-detuned
laser field (referred as lock laser) with a tunable frequency offset Δ 𝐻 𝐹 = 6.8 GHz plus a variable
two-photon detuning 𝛿 = 2𝜋.𝜈.
The blue detuned standing-wave intra-cavity dipole trap created by lock laser light serves as second
Raman field, eliminating the need of an additional Raman beam. Since the atoms are trapped at the
intensity minima of the intra cavity lattice, two-photon carrier Raman transitions are suppressed [4, 5].
With this configuration of the Raman beams, we expect to cool the atom in both 𝑧 and 𝑦 direction.
In our experiment, the red detuned horizontal dipole traps at 860 nm are not exactly orthogonal to each
other and this finite non-orthogonality leads to small projection of the Raman beam onto DT 𝑣 (𝑥-axis),
enabling Raman transitions in this direction also. Note: From now on, the term "Raman laser" and
"LR-DBR laser" will be used interchangeably.
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4.2.2 Motional State Coupling

To understand the suppression of the carrier transition, we look at how the Raman laser beams couple to
the motional states of the trapped atom. The atoms are trapped at the node of the standing wave along the
𝑧-axiswhich
 also serves as one of the Raman arms, therefore, the electric field amplitude is proportional
®
to sin 𝑘 𝑧 𝑧ˆ . The resonant coupling between the spin-motional states is described by [4, 5]
 


Ω↑𝑚𝑦 𝑚𝑧 ,↓𝑚0𝑦 𝑚0𝑧 = Ω𝑜 ↑ 𝑚 0𝑦 𝑚 𝑧0 sin 𝑘®𝑧 𝑧ˆ exp 𝑖 𝑘®𝑦 𝑦ˆ 𝜎
ˆ † ↓ 𝑚𝑦𝑚𝑧

(4.2)

where 𝑚 𝑦 , 𝑚 𝑧 , 𝑚 0𝑦 , 𝑚 𝑧0 denote the motional quantum numbers of the initial and the final state, 𝑦ˆ and
𝑧ˆ are the position operators. 𝑘® 𝑦 and 𝑘® 𝑧 are the wave vectors of the two Raman fields. 𝜎
ˆ † is the spin
raising operator and the Ω𝑜 ∼ 400 kHz is theoretically calculated bare two-photon Rabi frequency which
depends on the laser powers, detuning and the internal states.
In the Lamb-Dicke regime [59], the geometry of the light fields in Eq. 4.2 can be re-written in the
first-order terms of harmonic oscillator raising 𝑎ˆ †𝑧 , 𝑎ˆ †𝑦 and lowering operators 𝑎ˆ 𝑧 , 𝑎ˆ 𝑦 as
 


sin 𝑘®𝑧 𝑧ˆ exp 𝑖 𝑘®𝑦 𝑦ˆ ≈ ( 𝑘®𝑧 𝑧ˆ)(1 + 𝑖 𝑘®𝑦 𝑦ˆ )
= 𝜂 𝑧 (𝑎ˆ †𝑧 + 𝑎ˆ 𝑧 ) + 𝑖𝜂 𝑦 𝜂 𝑧 (𝑎ˆ †𝑧 𝑎ˆ †𝑦 + 𝑎ˆ 𝑧 𝑎ˆ †𝑦 + 𝑎ˆ †𝑧 𝑎ˆ 𝑦 + 𝑎ˆ 𝑧 𝑎ˆ 𝑦 )

(4.3)

𝜂 𝑧 = 0.13 and 𝜂 𝑦 = 0.13 are the Lamb-Dicke parametrs along the 𝑦- and the 𝑧-axis. The equation
above imposes the selection rule Δ𝑚 𝑧 = ±1, ±3 for the standing wave Raman field in 𝑧-axis, and the
carrier transitions are suppressed. The first order cooling and heating sideband along 𝑧-axis scale with
Ω𝑜 𝜂 𝑧 . The motion along 𝑦- and 𝑧-axis couple with scaling factor Ω𝑜 𝜂 𝑧 𝜂 𝑦 .
As already mentioned, the Raman beam send along y-axis is not perpendicular to the DT 𝑣 . This
misalignment modifies the Lamb-Dicke parameters to 𝜂 𝑧 = 0.11 and 𝜂 𝑦 = 0.14 and gives rise to a finite
Lamb-Dicke parameter in 𝑥-axis 𝜂 𝑥 = 0.017.
Carrier Suppression

The blue-detuned Lock laser confines atom in the 𝑧-axis close to the minimum of the light intensity.
According to Eq. 4.3, full carrier suppression is expected if the atom is confined perfectly at the minimum
of the light intensity of the blue-detuned Lock laser. However, that may not be the case. For example
intensity imbalance of the two beams forming the optical standing wave, external forces displacing the
trap centre from intensity minimum, residual gravitational sag [4] could lead to residual carrier Raman
coupling. Observation of limited carrier transitions due to running-wave component of the cavity field
has already been reported for our system in the past [2].
4.2.3 Cooling Scheme

In order to understand the cooling scheme one can consider the 87 Rb atom as a three level atom consisting
of two metastable (|1i and |2i) state and an excited state |3i. The state |1i and |2i correspond to
𝐹 = 2, 𝑚 𝐹 = −2 and 𝐹 = 1, 𝑚 𝐹 = −1 ) of the 52 𝑆1/2 electronic hyperfine ground state, respectively.
|3i is a virtual state. The cooling scheme is shown in (Fig. 4.4(b)). The lock laser sets the single-photon
detuning Δ = 2𝜋 × 4.8 THz, while the two-photon detuning 𝛿 between the Raman beams is given by the
trap frequency 𝜈.
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The first step is a stimulated Raman transition which couples to the motional state of the atom as well as
the internal. The atom starts in state |2, 𝑛i, where n is the vibrational level (Fig. 4.4(b)). It is then pumped
to the virtual intermediate state |3i by the lock laser. After the stimulated emission of a second photon
into the LR-DBR beam, the atom decays to state |1, 𝑛 − 1i if the the two-photon detuning 𝛿 = +2𝜋.𝜈,
thereby loosing a motional quanta and cooling the atom. The atom is then pumped to 𝐹 0 = 2, 𝑚 𝐹 = −2
using 𝜎 − polarized optical pumper and repumper (Fig. 4.4(c)). In the Lamb-Dicke regime 𝜂𝑖  1 (i =
𝑥, 𝑦, 𝑧), the atom will spontaneously decay into |2, 𝑛 − 1i. After sufficient iterations of this process, the
atom reaches the motional ground state |2, 0i, which is dark with respect to both pumping and Raman
beams.
In our experiment, the atom is confined in 3D with the trap frequencies, 𝜈 𝑥 , 𝜈 𝑦 , 𝜈 𝑧 . We wish to cool
the atom in 3D motional ground state using a single Raman pulse. In order to achieve this, we overlap the
trap frequencies of the three dipole traps and drive the cooling transition at the overlapped frequency
𝜈𝑜𝑣 . With the aim of calibrating and later overlapping the trap frequencies of all three optical lattices, we
perform Raman spectroscopy.

4.3 Raman Spectroscopy and Cooling
The axial oscillation frequency of an atom in a standing wave dipole trap dipole trap created by a pair of
counter-propagating laser beams of wavelength 𝜆 can be written using the harmonic approximation as
[60]
s
𝜔 𝑎𝑥𝑖𝑎𝑙 = 2𝜋 ·

2𝑈𝑜
𝑚𝜆2

(4.4)

where m is the mass of 87 Rb and 𝑈𝑜 is the depth of the trapping potential. Power of the interfering pair
of beams that create the standing wave varies linearly
√ with the power 𝑃 of the dipole trap beam, the trap
frequency should follow a dependence 𝜔 𝑎𝑥𝑖𝑎𝑙 ∼ 𝑃. For such calibration, we recorded Raman spectra
for different dipole trap depths.
4.3.1 Experimental Sequence for Raman Spectroscopy

The experimental sequence of the Raman spectroscpoy starts after a successful single atom loading
event at the centre of the cavity. The measurement sequence initializes the atom with high fidelity in the
𝐹 = 2, 𝑚 𝐹 = −2 by a 100 µs optical pumping pulse. The optical pumping pulse consists of repumper
(𝜔𝑟 𝑒 𝑝 ) and optical pump light (𝜔𝑜 𝑝𝑡 ), both 𝜎 − polarized and resonant with the 𝐹 = 2 → 𝐹 0 = 2 and
𝐹 = 1 → 𝐹 0 = 2 D1 transition (Fig. 4.4(c)). A single Raman pulse of 500 ms of 1.25 mW focused to
11 µm beam waist is applied to the atoms, followed by 3 ms state detection. The presence of the atom
in 𝐹 = 2 is detected with help of the cavity aided non-destructive detection of the atom distinguishing
between cavity coupled 𝐹 = 2 and uncoupled 𝐹 = 1 state [2]. The details of the steps before the Raman
spectroscopy which includes transporting and loading the atom in the cavity and cooling the atoms with
degenerate Raman sideband cooling can be found in [1, 2, 7].
In order to recycle the same atom for multiple experimental repetitions, the atom is cooled using the
Raman sideband cooling before the Raman spectroscopy sequence. The Raman laser, the repumper and
the optical pump light are turned on for 1 ms. We address the cooling sideband by setting the two-photon
detuning 𝛿/2𝜋 to 90 kHz, blue-detuned with respect to the carrier transition (Note: This cooling frequency
was found experimentally by trying different frequencies). This enables us to recycle the atom upto 200
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Figure 4.5: Raman spectrum recorded by tuning the two-photon detuning 𝛿 for two different powers of DT𝑢 , the
atom is cooled using Raman sideband cooling before the Raman spectroscopy to increase the recycling rate of the
atom. The suppressed carrier transition is visible at a two-photon detuning 𝛿 = 0 MHz. To the left of the carrier are
the heating sidebands. The peak at 𝜈 𝑦 =344.2 kHz moved to 𝜈 𝑦0 =400.1 kHz when the power in DT𝑢 is increased by
60%. The power of each dipole trap is given in relative units. Relative to the usual operation condition summarised
in Table. 4.1.
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Figure 4.6: Raman spectrum recorded by tuning the two-photon detuning 𝛿, the atom is cooled using Raman
sideband cooling before the Raman spectroscopy to increase the recycling rate of the atom. At two-photon detuning
𝛿 = 0 is the suppressed carrier transition. To the left of the carrier are the heating sidebands. The peak at
𝜈 𝑥 =316.4 kHz moved to 𝜈 𝑥0 =439.5 kHz when the power in DT 𝑣 is increased by 90%. The power of each dipole
trap is given in relative units. Relative to the usual operation condition summarised in Table. 4.1.
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Dipole Trap
DT𝑢
DT 𝑣
DT𝑧

Power (mW)
84.4
83.9
1.8

Beam waist ( 𝜇m)
13
11
5

Table 4.1: Usual operation condition for the dipole traps. All the powers are relative to these values.

times, during which the two-photon detuning is scanned. Every sequence has a 100 ms atom presence
check which enables to post-select the data upon the survival of the atom.
To characterise the trap frequency in 𝑦-axis corresponding to DT𝑢 , the power of the DT 𝑣 and DT𝑧 was
fixed while scanning the power of DT𝑢 . Note: All the power mentioned are relative to power summarised
in Table. 4.1, where DT𝑢 = 1 is the usual operation condition with power corresponding to 84.4 mW.
So, DT𝑢 = 1.2 indicates an increase by 20% from the DT𝑢 = 1 condition. The Raman spectrum for two
different powers of DT𝑢 are shown in Fig. 4.5. The peak at the zero is the suppressed carrier, on the left
of the carrier are the heating sidebands. The peak at 341 kHz moved to 392.5 kHz when the power was
increased by 60%. The recorded spectra are fitted with Lorentzian curves to find the position of the peak.
Similarly, the sideband corresponding to DT 𝑣 was identified by changing the power of DT 𝑣 and DT𝑢
simultaneously (Fig. 4.6). Note: DT 𝑣 = 1 corresponds to 83.9 mW.
To identify the position of the 𝑧-sideband corresponding to DT𝑧 , we scanned the power of DT𝑧 by
turning DT𝑢 off as soon as an atom is successfully transported to the cavity region while keeping DT 𝑣
fixed. Only first order sidebands of the motion along the z-axis are expected. Inhomogeneous effects due
to the distribution of atom positions in the 3D trap broadens the spectrum (Fig. 4.7). This effect is the
most prominent in 𝑧-direction because the beam waist of the DT𝑧 (∼5 µm) is approximately half of the
beam waist of the DT𝑢 (∼13 µm) and DT 𝑣 (∼11 µm).
Fig. 4.8 summarises the power dependence of the trap frequencies acquired with multiple measurements
as the ones shown above. Measured data for each dipole trap is fitted with a function
√
𝜈 = 𝜈𝑜 + 𝑎 × 𝑃

(4.5)

The resulting fit parameters and the respective confidence intervals (CI) are presented in the table below

DTu
DTv
DTz

√
a [kHz/ mW][CI]
312 [283, 340]
295.16 [ 93.0, 497.2]
426.4 [322.9, 530.0]

𝜈𝑜 [kHz][CI]
0 [-27, 27]
89.9 [-119.5, 299.4]
-243.1 [-392.9, -93.3]

The offset in the trapping frequency could be attributed to incorrect calibration of power or possible
light shifs. Few fitting points available in the low power region could be responsible for the poor CI on
the fitting parameters for DT 𝑣 . The trap frequency of DT𝑧 has a significant offset this could be attributed
to the inhomogeneous broadening or light shifts introduced by the D1 beams. We wish to characterise the
trap frequency of DT𝑧 again using parametric heating [61, 62].
With the calibration of the trap frequencies for DT𝑢 and DT 𝑣 and a rough estimate of the trap frequency
of DT𝑧 , we overlapped all the sidebands at ∼ 370 kHz. Fig. 4.9 shows one final spectrum with overlapped
sidebands. The suppressed cooling sideband on the right side of the carrier indicates near 3D motional
ground state cooling.
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4.4 Conclusion
The Raman laser system implemented with the LR-DBR laser fulfils one of the most important criteria
of being stable and robust over longer time periods which marks a huge technical improvement for the
experiment in general. With preliminary characterization of the trap frequency corresponding to the three
dipole traps in our experimental setup, we overlapped them at ∼ 370 kHz. The larger aim of being able to
cool in all the three directions with a single Raman pulse is already midway, evident from the height to
the cooling sidebands on the right side of the carrier in the final spectrum Fig. 4.9. The fine optimisation
of the Raman laser power, Raman pulse length and repumping time is under progress. The lifetime of
the atom in the cavity under continuous cooling and without any other interaction is as long as ∼ 1 min,
allowing to recycle the same atom for 30000 experimental attempts. Once the cooling is optimised, we
wish to image the single atom inside the cavity via the light scattered during continuous Raman sideband
cooling, using a technique called Raman cooling imaging [63].
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CHAPTER

5

Conclusion
In this thesis, I have presented an external optical feedback scheme to reduce the Lorentzian linewidth of
the distributed Bragg reflector laser (DBR) laser. To characterise the effect of the optical feedback on the
linewidth of the DBR laser, a delayed-self heterodyne (DSH) measurement was set up. As estimated later
using the simulation-based fitting routine, the optical feedback reduced the Lorentzian linewidth from
736.8 kHz to 0.5 kHz, when the feedback power ratio 𝑝 was −38.8 dB. Based on [24], we developed and
extended the simulation-based fitting routine to extract various linewidth components from the DSH
spectrum. The advantage of this fitting is that it can be used for both uncorrelated- and correlated-type
DSH spectra. Not only did we predict the Lorentzian linewidth using three different methods, but we can
also estimate the linewidth component arising from the higher order frequency noise. For the operation
of the experiment we chose a feedback power ratio of approximately −44.4 dB.
The second part of my thesis focussed on implementing carrier-free Raman sideband cooling as a tool
for future atom-cavity experiments. This cooling technique requires the Raman laser being phase locked
to the already existing cavity lock laser, that also generates the blue detuned intra-cavity lattice along the
z-axis, without need of an additional Raman beam in the experimental setup. To achieve near ground
state cooling of the atom with a single Raman pulse, we characterised and overlapped the three trap
frequencies at ∼370 kHz. However, we wish to characterise the intra cavity trap frequency 𝜈 𝑧 again using
parametric heating [61, 62]. Due to the presence of three trapping frequencies, and their corresponding
sidebands, the temperature of the cold atoms cannot be determined using the models presented in [2,
4]. Therefore, as a qualitative figure of merit of the cooling efficiency, we measure the lifetime and the
recycling rate of the atom. The repeated cooling cycles of a given time interval, enhances the lifetime of
the atoms in a 3D lattice to around ∼ 1 min as compared to ∼ 700 ms in the dark (meaning only the lattice
beams are on). Per single atom ∼ 30, 000 photon storage attempts are possible, which is almost thrice the
value we had earlier. The lock is robust and stable for at least 3 days, increasing the duty cycle of the
experiment and allowing for reliable measurements during the nights and over the weekend from home.
After optimising the Raman sideband cooling, we plan to image single atom inside of the cavity via
Raman cooling imaging [63]. Detecting the resonant repumper photons involved in the Raman cooling
process itself, allows for the non-destructive and long exposure images of the atoms.
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